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Preface

I am glad to present this book, especially designed to serve the needs of the students.

The book has been written keeping in mind the general weakness in understanding the
fundamental concepts of the topics. The book is self-explanatory and adopts the “Teach
Yourself” style. It is based on question-answer pattern. The language of book is quite easy and
understandable based on scientific approach.

Any further improvement in the contents of the book by making coerrections, emission and
inclusion is keen to be achieved based on suggestions from the.readers for which the author
shall be obliged.

| acknowledge special thanks to Mr. Rajeev Biyani; Chairman.& Dr."Sanjay‘Biyani, Director
(Acad.) Biyani Group of Colleges, who are the bagkbones and main.concept+provider and also
have been constant source of motivation throughout this Endeavour. They played an active role
in coordinating the various stages of this Endeavour.and spearheaded the:publishing work.

| look forward to receiving valuable,suggestions from professors»of various educational
institutions, other faculty members and‘students foriimprovement,of the quality of the book. The
reader may feel free to send in their. comments and suggestions to the under mentioned
address.

Author



Unit-1

Group and Subgroup

The set of all real numbers under the usual multiplication operation is not a group
since

a) multiplication is not a binary operation
b) multiplication is not associative

c) identity element does not exist

d) zero has no inverse

Ans. d)
If (G,)isagroups.t. (ab)™'= a ! b1, va, b €G then Gis

a) commutative semi group
b) abelian group

c) non-abelian group

d) None of these

Ans. b)
The inverse of -i in the multiplicative group {1,%1, 4, -4} is

a) 1
b) %
e) 1
d) -4

Ans. ¢)

If(G,-)is a group s.t. a®=ga e G then G is

a) semi group b) abelian group
C) non-abeliangrotip d) none of these
Ans. b)

The set of integers Z with the binary operation axb = a+b+1, a ,b € Z is a group.
The identity element of this group is

a) 0 b) 1
c -1 d) 12
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"Ans.  ¢)

In the group (G,-) the value of (a~'b)~1is
a) ab™?! b) b1 c)atb d) ba™?
Ans. b)

Let G denotes the set of all nxn singular matrices with rational numbers as entries.

Then under multiplication G is Q
a) Subgroup b) finite abelian.gre Q
A _ L‘

C) infinite non abelian group  d) _
-« N %
moq@en inverse

Ans. ©)

If a, b are positive integers, define as axb
of 3inG={1,2,3,4,5,6}is

a) 3 b) 1 .
Ans. ¢) % '
Inthegroup G={2,4,6 ication ‘\fo 10 the identity element is
2



Q.1 Define order of an element of a group and prove that order of every element of a

Ans.

finite group is finite and less than or equal to the order of the group.

Order of an element of a group -

Let a be an element of a group G if n is a least positive integer s.t.

a™ = e, where e is identity of G then n is called order of a. And it is denoted by

O(a)=n Q
Statement of Theorem - Q
: to:ﬁ order of the

Order of every element of a finite group is finite and less
group.

Proof - Let (G, * ) be a finite group whose ord

Letae Gthenax a=a’€eG

Soona™eG

from (1) & (2)

O(a)<k<n

= 0 (a) <0 (G) ~0(G)=n



Q.2

Ans,

Hence proved that order of every element of a finite group is finite and less than or equal
to the order of the group.

Give the definition of cyclic group with example and prove that every infinite cyclic
group has two and only two generators

Cyclic group -

Let G be a group then G is called cyclic group of G if there exist a element a in.such a
way that every element of G can be written as some integral power of a

or G ={a"/neZ}.
Then a is called generator of group G.
Example -

Set {1, -1, i, -i } is a multiplicative group. This i1s.eyelic group because. it has two
generators i and -i.

1=i%-1=¢2i=i,-i=3
1=(=0"%-1=(=0%i=(-D° - 15 ()"

Statement of Theorem -

Every infinite cyclic group has two and only two'generators.
proof Let G beacyelic group and a be its'generator i.e. G = [a].
Now let x ¢ Gthen 3 m e s.t.
X=a™

SXx=(a"H)™

= X can also be written asisome integral power of a1
so a1 is also generator of G.

If possible

Leta=a'=a.a=ata

=a’=e

=0(a)=2



=0(G)=2

But this contradict that G is infinite so a # a™?.

Now we prove that there does not exist any other generator.
Let if possible a™, m # + 1 is also generator of G.

SoforaeG,3ne st

= 0 (a) <mn-1

= 0 (G) <mn-1

Q.3

Proof

which is contradiction
Hence a and a™? are only two generators of Z.
Hence proved that every infinite eyclic'group has two afnd*enly two generators.

Prove that set P, ofén! permutations.on n _symbols is a finite group under the
operation of permutation multiplication.

LetS ={x;, xp----= X, } be a finite set of\n elements. Let f, g € P, be two permutations
defined.on S#Since we know that permutation is one - one on - to mapping so fog is also

one - one and on,- to.mapping. = f0g.e P,

= permutation multiplication‘selosed under B,

1 Associativity -

We know that one - .one and on - to function satisfy associative property.
i.e. fo (goh) = (fog).oh

so permutation multiplication is associative in B,

2 Existence of identity element -

Since |l € B, so

(fol) (x;) = f [1(x;)]



Q4
Ans

=1 (x] Vx;eS feP,
(lof) (x;) = 1 [f(x;]

=1 (x;) Vx; €S feb,
Hence | is identity

3 Existence of inverse -

Let f e P,. Since f is one - one and on - to so inverse of fi.e. £~ exist whic
oneandon-toonSso f~te P,

Now  fof ™ () =flF ()] =x =1 (x)
FOf ()= 7 IF ] =x= 1 (%)
= fof ' =1=fl0f

= Every permutation has its inve

Hence P, set of n! permutation is
multiplication.

This is called ""'Symmetri

L
Example - f ﬁ@ 6) € S, is cyclic permutation of length 4 s.t.
f(1)=2,f(2)=4,f4)=6,f(6)=1

f(3)=3,f(5)=5f(7)=7

Thusf=(1246)=(1234>67)

2436517

Order of a cycle -




If fis cycle of length n then f™ = I, where n is least positive integer then n is called order of

cycle f.

Q5

Proof

Example
Letf=(1257) €S,

=(3534761)

r*=(5734102)

P=(134269)

PG

Hence order of a cycle is equal:to length of a cycle.
Transposition -Any cycle permutation whose length is 2 'is called transposition.

Even and odd Permutation -We know that'every permutation can be expressesd as a
composite of transpositions so Ifiin this expression numper ‘of transpositions is even then
permutation is even and ifmumber of transposition.is ©dd-then permutation is called odd.
permutation.

Ex.

:(123456789)
243187695

=(124)(589)(67)
=(14) 1259 (8 (67
Here number of transposition is 5 which is odd so permutation f is odd permutation

Prove that the set¢;,+of all even permutations of degree n is a group of order ";'

We know that multiplication of two even permutation is even so set A,, is closed for
multiplication.

1 Associativity - We know that function satisfy associative property. Since even
permutation are also function so multiplication is associative in A4,,.



2 Existence of Identity - Identity permutation is even permutationi.e. | € A,. So | is
identity of multiplication in A4,,.

3 Existence of inverse - Since inverse of even permutation is also a even
permutation so every even permutation has its inverse in A,,.

Hence Set A,, of all even permutation is a group.
Now we have to prove that order of this group A4,, is n;'

Let Set S, has e;, e;-----—--- e, even permutation and 04, 0,,------ 0O, odd.permutations
then

m+r=n!--—--—--—---- (1)
Now let a be any transposition thena e, & e,------== a e,, are 0odd permutations and
a 04, @ 0y-------- a O, are even permutation because transposition is‘odd permutation.
Now since a e;, @ ey-------- a ez are:odd permutations butspgumber of odd permutation
isrin S, so

M < [ -mmmme—-m-ee- 2

similarly a 04, a 0,-----== a O, are even permutation but number of even permutation is
min S, so
FS<M oo (3)
By (2) &(3)

m=r

Now from/ (1)

= Order of A, (set of even permutation) is !

Q.6 If o¢=(17263584)

(12345678
p‘(25438761)

then prove that



pap~' = (p(1) p(7) p(2) p(6) p(3) p(5) p(8) p(4))
Also express p is a product of disjoint cycles
Find whether p is an even or odd permutation
Also give its order

Ans 0=(17263584)

_ 5
“(r6518324)

G=(12345678
Pi=\25438761

)
Gestasss)

(12345678)
(

67821453
25438761)
)

-1
p 12345678

(12345678

81432765
Now
_ 78)
6

:@eggsﬁqs)
=(p(1) p(7) p(2) p(6) p(3) p(5) p(8) p(4))

=(5438761)

=(1258)(34)(67)

&Q‘Q

&

Now



Q.7

Ans

=(18)(15(12)(34)(®©7)

number of transposition is 5 so p is odd.

Define Subgroup of a group with example and prove that necessary and sufficient
condition for a non-empty subset H of a group G to be a subgroupisaeH,beH =

ableH

Subgroup -

A non-empty subset H of a group G is said to be a subgroup of G if

1) H is closed for the composition defined on G.

ii) H itself is a group for the composition induced by:G.

Ex. i) Set of integers (Z, +) is subgroup of rational numbers,(Q, +)
i) Set ({1, -1}, -) is subgroup of set«{{1, -1, i, -1}, *)

Now proof of the Statement

Necessary condition -

Let H be a subgroup of G and a, be H
Now beH=b1e¢H

vaeHandbile H= ab e H
~._condition is necessary

Sufficient condition -

Letae HibeH= ab leH
Then we.have to prove that H"is a subgroup of G.
since H is non-empty set there exist at least one element (say a) in H.
NowaeH,aeH=aateH
=>eeH
~ H has identity element
Now Let b be any arbitrary element of Hthene e H,be H = eb e H

= b le H



Proof

since b is any arbitrary element of H so every element of H has its inverse in H.
Now aeH beH=>aeH, b 1eH

> a(b 1) teH

>abeH

thus H is closed for the composition of G.

Lastty Va,b,ceH=a,b,ceG
=>a(bc)=(ab)c
H is associative
Hence H is subgroup

Thus condition is sufficient

o
on

The union of two subgroups of a g ontained in the

other.

ubgro

Necessary condition -

e tv a@%)up of G and H,U H, is also a subgroup of G then we have
er&c H,orH, € H,

.
Now by contradi let us suppose that
Hy & H,and H, € H,

Now H; € H,=>3aeH,anda ¢ H,
H,£H,=3beH,andb & H,

but ae HHUH,andbe H,U H,



=>abeH,UH, (~ H,U H, issubgroup)
=>abeH, orabeH,
Now ifa b e H,
aeH andabeH,>a*eH,andabeH,

=>a l(ab)eH,

=>ebeH,
=>beH,
which is contradiction
Now ifa b € H,
abeH,andbeH,=>abeH
=>(ab)bteH,

=>aeeH,

Q.9
Ans

L]
is called left cos@% inG

and

Ha={ha/h e H}
is called right coset of H in G

Now



(Zg,+g) =
({0,1,2,3,4,5,6, 7} +g}
Here G={0,1, 2, 3,4,5, 6, 7}
H={0, 4}

Here H is subgroup of G for 44 and it is commutative so all left cosets are equal to right
cosets.

Now
OeGando+H=H+0
={0+50,0 +5 4} = {04} =H
leGand 1+H=H+1
={1+50,1+54}={
2€eGand 2+H=H+2
={2+50,2+g

3eGand 3+H=H

{3+50,

"6+ 4} = {6,2} = H+2

7eGand T7+H=H+7
={7+4+50,7+54}={7,3} =H+3
Hence there are only 4 different cosests which are

H, H+1, H+2, H+3



Q.10 State and prove Lagrange's theorem.

Ans Statement -

Order of each subgroup of a finite group is a divisor of the order of the

Now let us define a mapping f: H—> a H
s.t. f(h)y=ah aeG
This mapping is one-one and on-to mappin

O(H) = O(a H) = O(H a)

We know that G = a aH

But we know that all the le ar istinct'so | as only k different cosets

L
Q.11 Prove that eve@p of prime order is a cyclic group.

Ans  Let G be a group of prime order p then we have to prove that G is cyclic since p is prime
p>lie. O(G)>1= G has at least two elements. So there exist an element a s.t. a # e.
Now a#e so O(a)=2

let O(a)=m



Q.12

Proof

then let H = [a] be a cyclic subgroup of G and
O(H)=0(a)=m

since H is subgroup of G by Lagrange's theorem m is divisor of p but p is primesom =1
orp.ButO(H)>1som=p ie.

O(H)=0(G) > H=G

H is cyclic so G is cyclic group. &
If H is a subgroup of G and (G: H) = 2 prove that a H = V a Q

; s% We know

4

Given that (G: H) =2 i.e. H has two different right co¢
that H is left and right coset of itself. So

G=HUHa HNHa=¢
and G =H U bH H N bH
soHa =bH

Now aeHa, Ha=bH=a
aeaH,aebH=bH=

Since two left coset



Unit-11

Homomorphism, Normal Subgroup and
Quotient Subgroup

Q. 1 Define Homomorphism. If f is a homomorphism of a group G into a groupg&’, then
prove that

i) Hisasubgroup of G
= f(H) is a subgroup of G’
i) H'isasubgroup of G’
= f"YH')={x e G/ + (xX)£€H'} is asubgroup of group G.
Proof i) Since fis homomorphism from Gto G’ and
H is any subset of G so f(H) c G/«
f(H) is non-empty set because
ee Hs.t. f(e) = e’ € f(H)
Now Leta’, b’ ef(H)
then, 3 a,béH s.t.
f(a) = a’and f(b) = b’
Now a’ b’ X=f(a) of(b)™*
= f(a) Of (b™1)
=flaxb™) ----%--- (1) {f is homomorphism}
Since H is subgroup-so if
aeH beH=>axbteH
= f(a x b~1) € f(H)
~a' bt ef(H)from --------- 1)

Thus if a®, b! € f(H) = a® b1~ e f(H)



ii> We have to prove f~1(H") is subgroup of G where H’ is subgroup of G’
Now f~1(H') is non-empty set
because e’ € H' s.t. f(e) = e’ € H’

>eef YH)

Now leta, b e f~1(H’)

= f(a) e H', f(b) € H'
f(a* b~1) =f(a) O f(b™1)
= f(@) O[f (b))~ --reeeeeeeee @
~f(a) e H f(b) € H'
= f(a) O[f(b)] L e H'
Thus from (1)
flaxb~1) e H'
Saxble fLY(H)
Thusae f~Y(H'),be
Hence f~1(H") is

that A homomorphism of a group G
ernel of f = {e}, where e is the identity in G.

b @oups and f is homomorphism defined from G to G’ then
@d it is defined as

K={x/f(x)=¢e/, 69 and e? is identity element of G'}
e %

Proof of Statem

Let f be a monomorphism i.e. f is one-one homomorphism there we have to prove that
Kernel of f ={e}.

Let K be Kernel of fand x e K

= f(x)=¢e’



We know that f(e) = e’

so f(x) = f(e) = x = e {- fis one-one)
so K={e}

Conversely

Let K ={e} then we have to prove that f is one-one

Let x,yeGs.t.

f(x) = f(y)

= fX)o[fOI=fy) o [f(M]™
= fx)of(y ™) =f(y)of(y™)

> ooy ) =f(yxy™)
> fy D) =f(e)

= fxxy 1H)=¢
= xxy leK
But K={e}
sO Xxxy l=e
=

hus f is one-one

Q.3

Ans  Normal subgroup

Let G be a group then a subgroup N of G is called normal subgroup of G if Ng = gN
Vg e G.

Proof of statement -




Let N be a normal subgroup of G.

then by definition of normal subgroup
Ng=gN, VgeG

Now lethneN, geG

gn e gN=gn € Ng. (~ Ng=gN)

Saneng Ny
N

=>3In,eN st

=>gngleN

Conversely - Let N be a subgro s.t. ve to prove that N is

normal.

Let gthhengn&

€

= gN ©SNg ----------m-m--- (2)

From (1) & (2) Ng=gN.
= N isnormal in G.

A subgroup N of a group G is normal subgroup iffgN g™* =N, VgeG.



Proof

Let N is normal is normal subgroup of G
Let x € N, g € G, then we know that

gxgteN

this is true for all element of G
so this is also true for g ~1

i.e. g INgEN

=0g 'Ngg ' SgNg™ =SNEgNg™ —ooommmmne (2)

Q.5

Proof

Q.6

Proof

from (1) & (2)

N=gNg™

Conversely- LetgNg t=N VgeG

=>gNg™cN

=>gxgleN vgeG xeN

The intersection of any two normal subgroups-of a-group is normal subgroup.

Let N; and N, are two normal.subgroup of Githen we know that N; N N, is subgroup
of G. Now we:have'to prove that Ny N Ny, is normal subgroup of G.

Let neN, NN, =ne NyandneN,
Let geG
then nge G,neN; =>gug el {-+ N, is normal}
geGmelN, =gngleN, {- N, is normal}
=>gng!eNefiN,
= N; N N, isnormal in G.

If H is subgroup of G and N is a normal subgroup of G. then H N N is a normal
subgroup of H. Where H N N need not be normal in G.

Let H be a subgroup of G and N is normal subgroup of G. then H N N is subgroup of G
we want to prove that H N N is normal subgroup of H.



Firstly we will prove that H N N is subgroup of H.
Let xeHNNandheH
>xeHandxeN,heH
xeH heH=>hxhleH

xeN,heH=>hxhteN  {Nisnormal}

ShxhleHNN &

= H N Nisnormal in H.

Q.7 Prove that the Kernel of a homomorphism f of a
subgroup of G.

Proof Let f be a homomorphism defined from G Ge d k
prove that K is normal in G.

K={xeG/f(x)=e'} wheree'iside

since fle)=e'>eeKsoK#

Let a,beKthenf(a)=e, !

Now \Q

fab™)=f(a)f %omoﬂﬁ
N ,@

= K is subg u%&.

Now letae Kandxe G

f(x ax™1) =1f(x) f(a) f(x™?1) {f is homomorphism}
=f(x) e’ [f(0]™

=100 [F (0]



!

—e
=>Xxax teK

= Kis normal in G.

Q.8 If H and K are two normal subgroups of G, then HKis also a normal subgroup
of G.

Solution Let H and K are two normal subgroups of G then we have to prove t IS
normal in G.

Firstly we will prove that HK is subgroup of G.
Let hy k4, h, k, e HKwhere hy, h, € H
ki, ky, e K

Now (hy kq) (hy ky

hy (ky k') Ryt
= hy kg hy,?

= hy (hy “hy) ks hy 7

= (hy hy ") (hy kg'hgt) ---mmmmm-

since

= (hyky) (hy ke }eHK

= HK is subgroup of G
Let hkeHKandxeG
>heH, xeGandke K, xeG

=>xhxTeHandxKx1teK



> Xhx ) xkx)eHK
>xhx1x)kx1eHK
= HK is normal subgroup of G.

Q.9 Define Quotient Group and cosets. Prove that the set of all cosets of a normal
subgroup H of a group G. is a group with respect to multiplication of cosets defined
asHaHb=Hab va beG

Ans Coset -
Let G be a group and H be its normal subgroup then
Hx={hx/vheH,xeG}
is called right coset of H in G.

Set of all right (left) cosets of H4n G is denoted by G/H'

Quotient group or factor group

Let H be a normal subgroup of G.
then set of all right (left) cosets of H in G with-operation

HaHb=Hab
is called Quotient'group. it is denoted by G/H.
Proof et Hbe.any normal subgroup of G andset of all right cosets of H in G is

G/HZ{H allV aee}
Now we want to prove-that G/H is group.

1 Closure -

LetHa,HbeG/Hwherea,bthhenHaHb:HabeG/HbecauseabeG
2 Associativity -
LetHa, Hb, HceG/Hwherea, b,ceG

then

Ha(HbHc)=HaHbc



=Ha (bc)
=H(ab)c
=HabHc
=(HaHb)HCc

3 Identity element —

Let H x be identity element of G/H where x e GthenforHa € G/H Q
@

HaHx=Ha
>Hax=Ha=>ax=a>=>x=e
Thus He = H is identity

4  Existence of inverse —

Let H x be inverse element of Ha t

HaHx=H

Ans
normal su of&;s.o / 1 1s quotient group whose element are all possible right (left)
cosets of H in G:

Cosets of Hin G are

0+H=H+0 = {-------8,-4,0,4,8}=H
1+H = {-------7,-3,1, 5, 9------ }=H+1

24H = {6, -2,2, 6, 10 -} = H+2



3+H = {---- -5,-1,3,7, 11 ------ }=H+3

yRYSE g— -4,0, 4, 8, ------- }=H+4=H
Similarly 5+H = H+5 = H+1

1 +H = {9, -5, -1, 3, 7-----} = 3+H

-2+H = {------ -10, -6, -2, 2, 6-----} = 2+H
and so.

So we can see here that distint cosets are
G/i = {H, H+1, H+2, H+3}

Composition table of G/H

+ [H H+l H+2 H+3
H |[H H+l H+2 H+3

H+1 | H+1 H+2 H+3 H
H+2 | H+2 H+3 H H+1
H+3 | H+3 H H+1 H+2
Q.11 Every group is homo I k

Proof Let G be a group a

Letu

=0 ()2 (y)

= @ is homomorphism




ForeachNx e G/, 3 x € Gst.
@ (x) = Nx
= @ is on-to

= @ is on-to homomorphism

Q.12 If is @ homomorphism of G on to G/N defined as f(x) = Nx, V X € Ggthen the
Kernel of f = N.
Proof Letf: G - G/, QQI
@

st.f(X)=Nx, VxeG
then ‘\‘}
S
4

Kerf={xeG/f(x)=
= N is identity of G/
={xe G/Nx=N}

={xeG/xeN

p aﬁb.; (G) be its homomorphic image. Let K be Kernel of f then K is
normal subg@K so we can define quotient group G/ k- then we have to prove
that

Proof

/g =1 (G)
Let us define a mapping

9: G/ > 1(G)



s.t. ? (K x) =1f(x)

For well defined
LetKa=Kb=>ableK
=>flab ) =e { where e is identity of f(G)}
>f@)f(b)=¢ {f is homomorphic}
=>f@[f b)) " =¢
= f(a)=f(b)

= ¢ (Ka) =9 (Kb)
= @ is well-defined
For homomorphism
@ (Kab) = f (ab)
=f(a) f(b)
=@ (Ka) @ (Kb)
= @ is homomorphic

For one-one.

= @ is one-one

Now For on-to:-

Letbef(G)then3a xe G s.t.



b=f(x)=0[KX]
= @ ison-to
Thus @ is isomorphic

ie G/, =f(G)
G is the additive group of integers and G’ is the additive group of even i

including zero. Q
Proof Heref:G - G'orf: (Z,+) - (2Z, +) Q
@
st. fT(X)=2x, VxeZ
®

We have to prove that f is isomorphism. For this e that @fined,

homomrphic, one-one and on-t

Q .14 Show that the mapping f: G -» G’ s.t. f(x) =2x, VxeGisan isomorphisswhere

For well defined

Let X1 = Xy
= 2x1 = 2X,
=>f(x)=1(x

fis well defined

Q!
For one-one:- %

Let  f(x)=f(x)

=>2x1=2x,
= X1 =Xy

= f is one-one



For on-to:-
for each elementy of G', 3 x € G.
s.t. y = 2x = f(x)

= fison-to

Hence f is isomorphism.




Unit-111
Ring and Field

Q.1 Define ring and type of rings.
Ans A non-empty set R with two binary operation (+) and (-) is called ring if it satis§

following portulats.
@

1) Associativity of addition

(@+b)+c=a+(b+c), vab,ceR
ii) Existence of identity
a+t0=a=0 +a, VaeR
iii) Existence of inverse
foreachbeR JaeR sit.
atb=0=Db+a

iv) Commutativity of add

Types of Ring .. S%*

i) Commutative ring —
A ring Commutative for multiplication
ie.a.b=b.a VabeR

is called Commutative ring



Q.2

Proof

ii) Ring with unity —

A ring which have identity element for multiplication is called Ring with unity.
Here identity element is called unity, which is 1.

1i)Ring with zero divisor —

A ring is called with zero divisor

if 3a beRst
a®0,b%0anda.b=0
iv) Ring without zero divisor —
A ring which not have any two element a, b.
a®0,bx0anda.b=0
is called ring without zero div
V) Integral domain —
A commutative ring with
vi) Field —

A Commutative
its inverse in R.

s.t. X.Yy=X. 2, xXe0

=>X Yy+H-X2)]=x.z2+[-(X.2)]
=>X.y+X (-2)=0

= X. (y-2)=0



R is ring without zero divisor and x # 0
S0 y-z=0

S>y=1z
= R holds left cancellation law

similarly R holds right cancellation law

Sufficient Condition —

Let R holds cancellation law
then if possible. leta, b € R s.t.
a.b=0 a=#0b=0

we know that a.0=0
=a.b=a0
=>b=0 {by cance
which is contradiction

so R is without zero di

toE@s its multiplicative inverse in R.
@ements
o'e

ment of R

There all elements are different
If possible
let a;. X= aj. X

=>al-.X-aj.X:0



= (a;-a).x=0

=>a;-a;=0 because x # 0
R is without zero divisor
=>a;=aqj

= all elements are different.

Thus R ={a,, a,------

If yeRthen3 a,, e R s.t.
Y= Ay X=X Ay
andxeRso3Jq; eR sit.
X=a;. X=X q

Now
a,.y=y.a;=(an. X).q;
= Ay (X a;) =apy,. X
=y

—=q is identity e

a%.éfnent of R so every element of R has its multiplicative inverse in
R.

Hence R is field.

Q .4 Define characteristic of a ring. Prove that the characteristic of an integral domain is
either zero or prime number.

Proof  Characteristic of a ring —




Let (R, +, -) be a ring then a least positive integer n is called characteristic of R if
na=0, VaeR
where 0 is additive identity.
Proof of Theorem —

Let D be a integral domain at a # 0 be any element of D then if 0 (a) = 0 then

characteristic of D is zero if characteristic of D is non-zero say p then Q
0 (a)=p @
@

we have to prove that p is prime.

Let p is not prime then let p = p; p, ® %
N
where p; # 1, p, # 1, p1 <P,.p2<p.

Nowa#0 =>aa#0

=a’#0 and a?

We know that order of two n er @main IS same SO

0(a)=p=0(a®)=p

=0(a®) =p.1 P2

p,ax0 {- a@ﬂ p, # 0}
which is contradiction

So our assumption that p is not prime is wrong.

Hence p is prime.



Q.5 Prove that the set of all real numbers of the form m + nv2, where m and n are
integers with ordinary addition and multiplication forms a ring. Is it field?

Proof LetR={m+nv2/m,neZ}
Now let
my+n, V2 my+tn, V2 €eR.
where m;,ny, my,n, €Z
then (m, +ny vV2) + (my + 1, V2) = (my +ny) + (n+ng) V2 e R
w(mytng), (ntn,) €Z
(Mmy + 1y V2) . (M + 1y V2) = (Mg My + 2 nydp)+ (Mg My + 1y 1) V240 ER

v (my my +2nyny), (my n, vy my) €7

We know that for addition and multiplication real number. are associative here R is set of

real numbers so R is associative for addition and multiplication.

Now let m + nv/2 be any element of R

then (m + nv2) + (0 + 0 Y2),= (M +0).+ (n + 0) v2
=m+n+2

= 0.+ 0 v/z isadditive identity:

(M +n+2) + [ - m+n) V2] = (m—m)+ (n—n) V2

=0+04/2

m+ n /2 have its additive.inverse in R. m + n v/2 is any arbitrary element of R so every

element of R.has.its additive inverse in R.

Since for real number'distributive law for multiplication over addition is true so R has
distributive properly.

Hence R form aring.

Now

M+n+v2).1+0v2)=m+n+2



=1+0+v2 € Ris identity for multiplication.

1
‘(m+n+2)

(m+n+/2) =1+0+2

is multiplicative inverse of m + n v/2

1
+n+2

1 _ m-n+2 _ m-nv2
m+nvz  (m+nv2) (m+nv2) m2-2n2

_ m n
Tm2-2n?  m?-2n? V2 Q&
@

this is element of R if

m
€Z and
m2—2n2 m2—2n2

eZ
which is not necessary true.

because if m =5, n=3then

=222 ¢R

5+3vZ 7 7

= R is not a field.

Q.6 ForaringR in which

i>a+a=0, VaeR

o
= (a+ )=a+a

= a’+a’ +a’>+a’=a+a
S>a+a+ta+ta=a+a
= (a+a)+(a+a)=(a+a)+0

= (a+a)=0 {-- by left cancellation law}



ii) Let a,beR
and a+b=0 -
>ath=a+a {from i)
=>b=a

i) Let a,beR then a+beR

so (a +b)>=a+b
= (a +h). (a +b) = (a +b)
Sa’+a.b+b.a+b*=a+b
>ata.b+b.atb=a+b
>a.b+b.a=0

>a.b=b.a

Q.7 Definesubring. Let <R,
that S is a subring iff

JaeS, beS =a-

€S, be €S

iii>  Sisalso '%for induced composition by R.

Proof of Statement -

Firstly let S be a subring of ring R.
Let a,beS =a,-beS {Sisaring

>a+(-b)eS {Sisclosed



=>a-beS
S is closed for multiplication so
aeS, beS >abeS
Conversely - Let S be any non-empty subset of R and

a,beS >a-beS anda.b €S

Then we have to prove that S is subring ®
@

Now
aesS, aeS 2a-aeS
=>0€S
>0-aeS
>-a€S
and aeS,-beS = a—(-
>a+

and ae€S, beS =

Thus S is closed f i d multiplic@G Ras identity element for addition.

i i inverse in' S and since S ¢ R so S is commutative for

@?stributive law.
oW
N
Q.8 i -f@rove that the necessary and sufficient conditions
se % ield F to be a subfield are
:%\beK
L

i> aeK,Oi‘@ >ableK

Ans  Subfield

Let F be a field and K be its non-empty set then K is called subfield of F if
i> aeK,beK 2a+beK

ii> aeK,beK =>abeK



iii>  Kisalso a field for induced composition by F.

Prime Field -
If a field does not have any proper subfield then field is called prime field.

Proof of Theorem —

Necessary condition —

Let K be a subfield of field F.

LetacK,beK = aeK, -beK {Kis field}
=>a+(-b)eK {Kisclo
>a-beK

aeK,0#beK =2aeK, b leK is fi
=sableK isc \
Sufficient condition — &
A\
Let K be a non-empty, of fi \Q
and aeK,beK a ,ab‘%l@)
the \
&
aeK,aeK a W
N
Oe€ @itive identity]

-\K [additive inverse]

aeK,-beK%%.(-b)eK

=>a+beK  [closed for addition]

aeK,aeK =aaleK
=1eK [multiplicative identity]

leK.aeK =1laleK



=>aleK [multiplicative inverse]
aeK, b leK 2a (b)) teK
=>abeK [closed for multiplication]

And K € F so K is commutative, associative for addition, associative for multiplication
and hold distributive law.

Hence K is subfield. &
Q.9 ProvethatthesetS={a+23b+413¢c/a,b,ce Qi

bfield @

4

Ans  Let xeSandyeS
where x= a+23b+4'3¢c, a,bce
y= d+2ze+4lsf

then

(@) 23 b)- 2B b) (4" 2 c)-a (43 ¢)
O 2—a @B b)-@2'Bb) @B o-a@' 3o

2—&%41/3 b2-

- ( ac) €S
a3+ 2 3%‘—6abc

Now E

XeS yeS
then x.y=(ad+2bf+2ce)+23(ae+bd+2cf)

+ 43 (af+be+cd) €S



so we already proved thatifye S=y 1 €S
Now
XeS,yeS = XxeS,y teS
= xyleS

Hence S is a Subfield of R.

Q.10 Define i) Ring homomorphism
i) Embedding of Ring

Ans. Ring homomorphism —

Let R and S be two ring and f be a function defin
homomorphism if |
f (a+b) =f (a) + f(b)

f(ab) =1 (a) f(b),

Embedding of Ring

Let Rand R’ be two ri

L]
wherem, n e Z,Q&

Now we want to prove that R’ is a ring for these compositions.

i)  Associative for addition
Let (p, @), (q,b), (r,c) €R’

then [(p, @) +(q,b)] +(r,c)=(p+q,a+h) +(r, c)



=[(p+q)+r, (a+hb)+c]
=(pt+q+r,ath+c)
=(p+(@+n,a+(+0)

=(p, ) +[(q +71), (b +c)]

=(p,a) +[(q, b) + (r, 0)]

ii) additive identity — @
since 0OeZandOeR
so (0,0)eR” Let (maeR $

Now (0,0)+(m,a) = (0+m,0+a)

= (0, 0) is additive identity of R’.

ii)additive inverse —

(ma)eR’ = me

= (- dithﬁnverse of (m, a)
iv) commutative@gition

(ma)+(n,b)=(m+n,a+bh)
=(h+m,b+a)
=(n, b) +(m, a)

v)Associative for multiplication —



[(p.2) (@, 0)](r.c) = (pa,qa+pb+ab)(rc)
=[pgr,r(qa)+r(phb)+r(@ab)+pgc+(ga+pb+ab)c]-----—--—-- (1)
(p, a) [(a, b) (r, ©)]
=(p,a)@Qr,rb+qgc+bc)
=(p(qr,(@ra+p(rb+qgc+bc)y+a(rb+qgc+bc))
=(pgr,rqga+rpb+pgc+pbc+rab+qgac+abc)------------ (2)&
from (1) & (2)
[(p, @) (9, B)] (. ) = (p, @) [(a, b) (r, €]

vi)  Multiplicative identity —

1eZ,0eRso(1,0) eR’
Now let (m, a) € R’

then (m, a) (1, 0) = (1.

“O®) = 08)+(0.-b)
@. = (0,a-b)eS
and (0,a)(0,b) = (0.0,a.0+0.b+a.b)
=(0,ab) €S
= Sissubring of R’.

Let us define a mapping



P:R-S
s.t.@(@=(0,a), vVaeR

For homomorphism

@ (a+b) (0,a+b)

(0,a) + (0, b)

@ (a) + @ (b)
and @ (ab) = (0,ab)
= (0,a) (0, b)
= ¢ (a9 (b)
= @ is homomorphism
For one-one
Let @ (a)=0(b)
= (0,a) = (0, b)
=>a=b
= @ is one-one
m@qorphic to R so R is embedded in R'.
. >@t onal numbers is a prime field.

d <QGP?, - > of rational numbers is prime field. i.e. it has no

s% _
: any subfield of Q.
and 1@

Now 1eS = 1+1+1+----- mtimes= meS
1+1+1----- ntimes = neS

%eQwherem,neZ,n;tO



meS and neS = - eS{Sis subfield

meS and = €S = 2 €S
n n

- m m
e - > —
I.e neQ neS

from (1) & (2
Q=S
= S is not a proper subfield of Q
= < Q, +, - > is prime field.
Q .13  Field of quotient of an integr

Proof Field of quotient —

Let D be a integral domain wit en (Fyf) is called field of

quotient of D where F is a fi efined from D to F. Here
every element of a e

Proof of state

%;eld containing it.
Q@ 0 {-DcK
@lsafleld

@biO}

then W Wi to prove that K* is subfield of K and K* = F where F is
L ]

quotient field o‘l%Q

Let x,yeK

=3 a,b,c,d €D s.t.
x=ably=cd? b,d#0

Now x-y= abl-cd?



=add*bt-cbbtd?
=(@ad—ch)btd? (D is commutative
>X-yeK!?
Now xy™! = (ab™?) (cdH?
=@b™) [(dH™c™]
=(@b!) dc™)

=a(b~td)c?
=ad (b 1c™Y)
=ad(ch)?*
>xyleK
Hence K1 is subfield of K.
Now we will prove that
F=K!?

Let us define a mappi

= ;\(@"r cb) (@b
= radd b l+cbd1p?
= ab'+cd?

= () +1(¢/p

G2 =1Ga)



=@c)(bd)™
=(ac) (@ *b™h
=a(cd )bt
=(@b™)(cd™)
=£(@/,) . £(¢/)

= f is homomorphism &
@

For one-one
Fp) = 1C/y)
>abl=cd?
=>abl'b=cdtb
=>a=chd™?
>ad=cbhb
= (a, b) = (c, d)
= (a, b) ~ (c, d)

= fisonto l%%‘

Hence F= K?

Now if D is contained in a field K then F is also contained in K.

Hence, field of quotient of an integral domain is the smallest field containing it.



Unit-1V

Ideal and Vector Space

Q.1 Define ideal. Prove that if I; and I, be two ideals of a ring R, then prove that
I +1, ={a, + a; | a; € I1, a, € I} is an ideal containing both I, and I5.
Ans Ideal

A non-empty subject | of a ring R is called ideal of R if

i> | is a subgroup for addition operation induced by R.
ii> Vael,reR = r.ael
anda.rel
Proof of Theorem —

Let xX=a;ta, el £k, “a;€l,, a,e€l,
and y= by+b, elitl,, byely, b, €y
Now a,,b;€l; = a,-bj€el; { ;s ideal
a,, by, €l = az-b, el w{- LNsideal
Now
X -y = (@yta,) —(by+b;)
=(ayby) * (az-b3) € I, + I,
= I, + [; 1Sa.subgroup.of R.
Now Let reR,.x=a,ta, €l;+],
= reR, a, €l,and reR, a,el,
= r.a,€l; and r.ayel,
and a,.rel; and a,.rel,

= raqqtra, el;+1, and a;.r+a,.r e+,



= r(ay*tay) el;+l, and (a;+ay,) r €+,

Hence I,+[, is aideal.

Now we have to prove that I, +1, contains I; and I, both.

Let a,el; = a;= a;t0€;+],

S, Cl+1, Q
@

similarly a,el, = a, = 0+a, €l;+],
@eal or if it

> LCclh+l

Theorem  Prove that a commutative ring with unity
isa simple ring. '

Proof Let R beacommutative ring
Let Ra={ra/reR} whereaeR

then this is an ideal.

Since ever I%Ent R can be expressed as ra where r € R then since 1 € R so for

leR 3 xeR s.t.
xa=1 = x=a'eR
= every non-zero element has its inverse in R

= R is a field



Q .2 Define Principal ideal and Principal ideal domain.

Prove that every ideal I in a ring Z of integers is a principal ideal or the ring Z of
integers is a principal ideal ring and principal ideal domain.

Proof Principal ideal —

Anideal | of aring R is called principal ideal if it can be generate by a single element
i.e. if R hasan elementa s.t. | =[a].

Principal ideal domain —

If every ideal of an integral domain is principal ideal thensintegral domainvis called
principal ideal domain.
Proof of the theorem —
Let | be an ideal of Z then
if I1={0}then 3 0€eZ s.t.
| = [0] then I is principal ideal
Let 1=+ {0}then melm=+0
if mel=>-mel {-lisideal
= | has positive integer.
Let abe smallest integer of |1 and b*be,any other integer then by division algorithm
b=aq+r Where8.<.r<a
Nowael,ge Z "= aqe |l {>lisideal
bel,agel = bsagrel
= el
which is contradiction of being a smallest integer sor =0
= b=aq
so I={aq/qeZ}

= lisa principal ideal



= Zisaprincipal ring
since Z is commutative ring with unity
so Z is a principal integral domain.

Define quotient ring. Prove that an ideal of a commutative ring R with unity is
prime iff R/I is an integral domain

Ans Quotient ring — Let R be aring and | be its ideal. Since R is a ring so it.iS

commutative for addition. I is it’s a subgroup of R for addition so I is alse
commutative subgroup of R. we know that every commutative subgroup is normal
subgroup so | is a normal subgroup of R. So we can define

R/I = {l + a/a e R} whosgielementsdre cosets:of | in'R. This R/I is called
quotient ring.

Proof of the theorem —

Let R be a commutative ing with unity,and I'be its{prime ideal so R/I is also a
commutative ring with.unity. Now we have te prove that R/ 7 1s an integral domain for
this we will provethat R'is without zero‘divisor.
Let I+al+b R/
s.e. (I+a)#(1+b)=l

>l+ab=l

Sabel = aelwr bel {-1lisprime

=>l+a=1 or chnb=1
= R/, is without zero divisor.
Conversely Let R/I is an integral domain then we have to prove that I is a prime ideal
of R.

Now since R/] is an integral domain



so R/, is without zero divisor.

Let ab e Ithen we have to prove

eitherael or bel

Now abel
= l+ab=1I
= (I+a)(l+b)=1
= I+a=1 or I+b=1 {+ R/ iswithout zero di

= ael or bel
= lis prime ideal.

Q.4 State and prove fundamen re i Qis &%

ic to some Quotient

Prove that every homomorphi of a IS Q&‘_};
ring. &
| r QO |
Ans Let Rbearingandf ts ho r ima be Kernel of f then K be ideal of

R. So we can defin quotient @-R We have to prove that
>

N

W

For well-defined ; Q'
Let K+a=K+b, a,beR

= a-bekK
= f@-b)=0 {0’ is identity of f(R)}

> f(a)-f(b)=0



= f(a)=f(b)
> @P(K+a) =@ ((K+b)
= @ is well-defined

For homomorphism

O[(K+a)+(K+b)]= 0[K+(@+Dh)]

= f(a+h)

f(a) +f (b)

p(K+a)+0 (K+b)
and @ [(K+a) (K+b)] = @ [K+ab]

= @ is homomorphism

For one-one

=>0Qis one-@Q

Foronto— Foreach f(a)ef(R), 3 K+aeR/,

s.t. @(K+a)=1(a)

= @ison-to



Hence R/, =f(R)

Q.5 Prove that an ideal | of a commutative ring R with unit is maximal iff the quotient
ring R/, is a field.

Ans  Let R beacommutative ring with unity and | be its maximal ideal, then we have to
prove that R/, is a field.
Since R is a commutative ring with unity so R/ 7 1s also commutative wi

where | is zero and | + e is unity. element of R/I' where

Now if Il+a+# 1+0=I
= aegl

We know that [a] is an ideal 0

so | + [a] is also an ideal of R.

then agl=>1cl+][a]

but |+ [a] is maximal

Q“’ I+e=(l+r) (I +a)

= If | +ais multiplicative inverse of | + r;
= every element of ®/; has its multiplicative inverse in ®/,
= R/ isafield.

Conversely — Let | be an ideal of commutative ring with unity and R/ 7 1s afield.



Then we have to prove that | is maximal ideal.
Let Nbeanyidealof R s.t.1SNCR
and I # N then we have to prove that N = R for providing | is maximal ideal of R.
Since 1N so JaeN s.t.agl

= l+a=#l

Now I+aeR/, and R/ isafield so
| + a has its multiplicative inverse say | + b i.e.
(I+a). (I+b)=1+e
=>l+ab=1+e
=>e—abel
=>e—-abeN
>eeN=>N=R

= | is maximal ideal

Q.6 Define vector spac

Ans

1) (V, ®) isabelian group
I if aeFVv eV
thena ©@veV

m e (v @®@v)=a@uvy ®a v, wherea e F



and v, v, € V
V) (@1 @) Oy =a; Qv + a, Q vy
where aq,a, e Fandv; eV
V) a; ©(a; 0 v1) = (a1 O a) vy
where aq,a,€F and v, €V

VI)1© vy =1y where 1is identity for multiplication in F. &

Here elements of V are called vectors and elements of Fa

Proof
| Let v, =
where
then
vy + 1y =(a1-|(—) 2

since (a; + a,), (b

atl\(§gd associative so V is commutative and

&

Tal

= (8 8) is identity for addition in V

And for each (g 2) eV, 13 (_Oa —Ob) eV

sty )+ (6 270 o



= every element of V has its additive inverse.

Hence (V, +) is commutative group.

a O

N Let 4r=(0 )

) and a e R

then a.v:a(g g):(%a a?b) eV

= V is closed for scalar multiplication in R

a; 0 a, 0
«[(G 5)* (T )
(a1+ a, 0
0

i a( vy + v3)

v

)



V> (g ap) v = (g g)

|
~
N}
=
K
N
Q
o
N———"

|
[y
N
S
oN
Q
(e}
S
N———

Vs Le= 19 0)

0 b
= (61 »)
= (5 p)=r

S a‘@be the field of real numbers.

Hence V is a vector space
Q.7 Let V be the set of ive
We define the followi rations for %itive real numbers x andy

g i

is ai;h{or space with @ and © as vector addition and

&

:\:sw and y are real positive integer

0 X®y=Xx.yisalso a positive integer
e X®yeV

= Vs closed for vector addition.

ii> For commutative -



X, yeV
X®y = XYy
=Y. X
=y @ X

V is commutative for addition.

iii)  For associative
Let X,y,z€eV

then

xey oz

= every element of V has its additive inverse.

Hence (V, @) is an abelian group.



| let reR and xeV
then rO@x=x"€eV

because we know that the value of a real power of real positive
number is again a real positive number.

Hence V is closed for scalar multiplication

N a@x®y) = a® XYy

= ()
= x® y®

(@Ox)®(a0y)

vV (a+ B)OXx = (a+

xa+ﬁ

xa

N
>
>

©

°
R
>

xP)
N4
N
a.f {P-
1Ox 1 @
He tor Space over R.

L
Q8 If(V,®)bea @space over the field (F, +, -) and 0* be the zero vector of V and
0 be the additive identity in F, then

X

V> a®@BOx ®x)*

i> a®0 =0, VaceF
i>00v=0", VveV

ic(—a)Ovr= -(a®@v), VaeF,veV



Proof i> Since 0" iszero elementso
0®0"=
Now aO©@O0®0)= a®0
2@0)@(a:-0)= a®O0
S5@0)®@(@-0M)=(00)®0

=>a- 0=
i> 00vr= (0®0)0Owv
=(0Or)®(00O0v)
0®00r) = (00v)® (00 v)
>00Qv=0"

i> [a+ (—a)]Ov=(a@v)®

00v = (a®@v) ®[(-
0" = (a@v)d(

&>
S
&
>

d nt conditions for a non-empty subset W of a
su e of V are

&-wz eW

= (—a)@Quvisi

Ans  Let (V, @) be %?space over a field (F, +, -) and W c V then W is called vector
subspace of V if
i> W is a vector space over F under the operation of V.

Proof of theorem —

Let W (F) be vector subspace of V (F) then (W, @) is abelian group



and W is closed for scalar multiplication.

so w,eW,w, e Ww; eW,-w, e W
> w; @ (—wy)e W
S>w,-wy e W

andaeF,weW => a®OweW

Sufficient condition — Q

Let WCV,w+# @ and i>and ii> are satisfied the

vector subspace of V.
Now weW,weW = w-weW

=0e¢
= W has identity for addition

Now Oew, weW =

= every element of

Now w; e W,

e@ment of W is element V. And V is vector space so V is

asso t|ve Thus W is commutative and associative.
Hence (W, @)‘%ﬂ%lan group.

ii) condition says that W is closed for scalar multiplication.
Since W < V elements of W satisfies all postulats.
Hence W is itself a vector space over F

= W (F) is vector subspace of V (F).



Q .10 Prove that the union of two subspaces W, and W, of a vector space V is a subspace
iff either Wy C W, or W, C W,

Let W, and W, be two subspaces of V s. t. either W; c W, or W, c W,

Proof
thenW, UW, =W, orW; UW, =W,
= W, U W, is vector subspace of V.
Conversely —

W, c c W

Let W, U W, is vector subspace then we have to pr

Let W, ¢« W, N
= 3 wyeW, andw; € W, ---—--- ‘%
= weW, UW. §'

if

which,i§ contradiction.

if w,+wyew, andwy, e W, > -w, e W,
= (wy+wy) +(-wy) €W,
> w;el,

which is again contradiction



So our assumption is wrong.
> W,c WroorW,c W;
Q. 11 Show that the set

W={(x,y,2) I x-3y+4z=0, xy, z € R} of 3—tuples is a subspace of the vector
space V3 (R).

Ans W={(x,y,z)/x-3y+4z=0,x%,Y,z€e R}and V3={(x,y,z)/x,y,zeR}®

then we have to prove that W (R) is subspace of V5 (R).

Let w;=(xq,y1,21) €W e
Wy = (X3,Y2,22) € W
then x;— 3y;+ 4z =0 =
and x,— 3y, + 4z, =0 =
Let o,6,¢eR

then aw;+Lw,=a(x,,y

=a (3y;- Y1
= (@Gyi" 4z)hay,, az,) @zx By, B22)
+ Z) 0y, + BY2, azy + fz;)
N

a 16%2):“3’1 + By.az, + Bz;)
P 3

@ — 3(ay, + By,) + 4 (az, + Bz,)
Z)—% —3ay; —30y, +4az,+4fz,

1
Thus a wy + Bw, € N\

= W is vector subspace.

Q .12 If V(F) is a vector space over the field F . v;,and v, are fixed elements of V, show
that the set S ={av{ + Bv, /a,p € F v{ v, € V}isasubspace of V.

Ans  V (F) is a vector space over F.

S={avi+ Bvy,/a,feF, vy vV}



then we have to prove that S is a vector subspace of V.
Let X,yeS then
X=ayv; + Byvy,wWhere a;, B €F
y=a, vy + P, v, ,Where a,, [,€F
Let «a,B,€eF

then ax+ By= a(a,vy+ Brvy+ B (ayvy+ fr 1) %Q

=(aay+ Bay) vy +(afy+BB2) v

here a, B, a1, a3, 51,5, € F and F is
a field so (xa;+ fay) €F
and  (apBi+BpB2)
from (1)
(xay+ fay) vy +
= ax+ fy €S

= Sisasubspac ver F.



Unit-V

Vector Space and Subspace

Define Linear Combination of vectors. In vector space V3 (R) express v =g, - 2, 5)
as a linear combination of the given vectors v4 = (1, 2, 3), v, = (2, -1, 1);¢3=(1, 1,

1)

Q.1

Ans Linear Combination —

Let V be a vector space over the field F. then if any element v € V.can be written as

and 1, vy------ vy, €V

2 is linear combination of @y, v, a5 If
V=0 Yy T Uy Ut A3 APy, 0,03 €F
= (1,-2,8) = a,(L,2,3) +ax(2, - 1,1) + a3(-1, 1, 1)

= (a,+ 2a9%05, 2a4 - aytas, 3o, taytas)

W el s 2] - (2)
201 - Ayt Ay -2---------m--m-mm-- (3)
3a; +tay + a3 =5 ----mmmmemeee 4
M-
= -ay +3ay = 3 - (5)

) -3



= -y -2y = - T - (6)

(5) - (6) = 5a, = 10
S>a,=2
from (5) a; =3

from (2) a;=-6
using values of a4, a5, az in (1) , we get
v =3vy +2v, - by
which is Linear Combination of v.
Q.2 For which value of k will the v
u=(5,k,7) eV3(R),is alinear com
u; =(3,2,1).
Ans.  Let
U=au; +fLu,

=>G5,k7N)=a(l,-

=K -
3at

from (2)-(3)x (4%Q .
-8a=-16
=> a=2

from (1) p=1

using values of a and 8 in (3)



= u is linear combination of u, and u, fork = - 8.

Q.3

ADnS.

Define Linear span. Show that the following vectors span the vector space V3(R)

uq = (1, 2, 3), Uy = (0, 1, 2), Uz = (0,0,1)

Linear Span

Let V (F) be a vector space over F and S = {1, v,----- e | -eMpty subset then
collection of all possible linear combination o

linear Span L (S).

e
n
L(S)={ Y aw/
i=1
This is also called spac ate

Now we have to prove t

= 2 (1,2,3) +,®'2) +7(0,0,1)

=(a,2a+p,3a+2B +vy)

> a=X
2a+pB =y

3a+2f +y=12



=  This is echelon.

a =X
B=y—-2x
y=z-3Xx-2y

= Uq, Uy, U3z Span Vs (R)

Q .4 Define Linear dependence and Linear independence of vectors in vector‘space.
Ans Linear dependence —

Let V be a vector space over the field F and S = {«,, 15--==-1%,, } be any subset of V

then S is called linear dependent if there exist.@y, a,--=--a;;, not-all'zere,s:t.

a vy + a; vy, + ------ ta, vy, =

Linear independence

Let V be a vector space over the field F and Si= {v;, v5%---- 1, } be any subset of V

then S is called linear independent if

Th.1

The set of non-zerowectors v, v > 1, Of a vector space V(F) is linearly
dependent iffSome vk, 2 < K £umis a linear combination of the preceding

ones.
Proof * Firstly let {vy, ¢

1, 3 1S linearly dependent. Let K be the first integer for which
V1, Vg====-- 1 '1S linear dependent

= g is linear combination of its preceding

Conversely-  Let any vector v be linear combination of its preceding ones.



= there exist one coefficient (-1) which is not zero so{wv, v,-----v¢ }

is linearly dependent.

> v+ - + (-1) vgtag_q vg_q t--- +a, v, =0 &
@

=  Since all coefficient are not zero so

{vy, vp------ 1, } is linearly dependent.

b}

e e@ero vectors
d as @'

Th If V (F) is a vector space and S = {vq, v5----~
of V, then S is L.D. iff some of elements of.S C
of the others.

combination

Proof  Firstly let us assume S = {14, v,---

not all zero s.t.

= Let ayx #

n of others

a L . .
Conversely — Ieh@ S which is linear combination of others i.e.

vg =P v+ Py vy A +Pr—1 V-1 + Pr+1 Vg1 +-- +f vy

since coefficient of 1 is not zero

so {v, v,--—---1,, } i linearly dependent.



Q.5 Prove that the four vectors v1= (1, 0, 0) v,= (0, 1, 0) 3= (0, 0, 1) and ©v,= (1,1,1) in
V3(C) form a L.D. set but any three of them are L.I.
Ans. Let a,B,y,6eC s.t.

av,+puv,+yv3+6v, =0

= a(1,0,00+£(0,1,0)+y(0,0,1)+45(1,1,1)=(0, 0, 0) @
N

= (a+4,6+6,y+6)=(0,0,0)
= a=f=y =-6
Let §=-1 then a=1,=1,y=1 s.t.
avy+ L v, +yvs+ v, =

SO 1y, vy, U3, v, are L.D.

Now let

>
Qg;\
&Q‘Q
&
@
Q.6 fine Basi i ector space.

@ 1,0) (1, -1, 2)} form a basis of V3 (R).

avy+ B v, +yv3=0
= «(1,0,0)+p£(0,1,0

= (¢p,v)=(0,0

1, Vo, 3 ale

Ans
Let V (F) be a @gspace then a subset S of vectors of V is called basis of V if
i> S is Linearly independent
ii> S span V(F)
Dimension-

Number of elements in the basis of a vector space V (F) is called dimension of V.



It is denoted by
dimV
Now LetS={(1,2 1), (2 10), (1 -12)}
then we have to prove that S is basis of V. For this we will prove that

SisLilandS pan V5 (F).

Since  ScV; (R)

Let «(1,2,1)+£(2,1,0)+y(1,-1,2)=(0,0,

> (a+28+ y,2a+L—y,a+2y)=

> a+ 20+y=0
20+ —-vy=0
a+2y=0
a=-£,=0

= a=0=0,

= SisL.I

similarly (0, 1, 0) = g 1,2,1)- % 2 1,0)- % 1,-2,2)

(0,0,1)=5(1,21)-5(2, 1,0+ (1,-1,2)



(a, B,y ) can be expressed as linear combination of vectors of S.
S is basis of V5 (R)
Prove that every finite dimensional vector space has a basis.
Let V (F) be a finite dimensional vector space and S = {«,, v,----1%,, } be a finite

subset of V s.t. L(S)=V.

Now either Sis L.l or L.D. ®

If Sis L.I then S is basis but if S is L.D. then there exis
in such a way that it can be written as linear combinatic
previous vectors.

Now we exclude v; from

Now if S"isL.Ithen S’ is basis but if it is L.D. then there exist an element
a; which is linear combination of its previous vectors.
Excluding this from S’ we get a new set S” of n — 2 elements.

Repeating this process we can get a subset of S which is L.1 and generate V.



Morever we get a subset of S which has a single element and this is not zero
element so this is L.1. and this span V.

so this is basis of V.

Th.4 If Wis a subspace of a finite dimensional vector space V (F) then

i> dimW<dimV ®
N

i> W=V=dmV=dmW.

Proof Let dimV =n and W be any subspace of V.

ctorﬁ@e m<n.

. ]
Now we want to prove that Sis b i atest L.1. set so
v Ay, Vo vy, 1S L.D.

1 € W is linear combinati

ii>

Th.5 If Sand T are finite-dimensional subspace of a vector space, then
dimS+dim T=dim (S+T) +dim (SN T).
Proof Let dim(SNT)=K

and W ={yq,y2---Yk}ishasisof SN T.



then WcSandWCcT.
Since W €S and W is L.l so W can be extended to basis of S let

{ru, 2 VK, A1y A== Am}

be basis of S then dim S =m + K
Similarly W €T and W is L.l so W can be extended to basis of S let

o v2rm—y-—Vi, B -
Now dimS+dimT-dim(SNT)=
=(m+K)+(n+k)-K
=m+n+K
Combining basis of Sand T we get a

set Wi ={yy,v2¥k, a1

Now we will prove that this i

n
=> ) b;B€S {using (1)
i=1

n
= Z biﬁiESﬂT
i=1



n K
so X b= ¥ divi
i = i=1

using this in (1)
Ciy1+ Cyp - +Cx ygta, a +

= Since {y1, Ya----Vk, a1, -
S0 1= Cp= —r-Cy= @4 = = ~ommr
Hence {y1,—--yx, @
Let aeS+T then

a = any element

= L(W)=S+T

thus dim(S+T) = K+m+n
Hence
dimS+dimT = dim(S+T)+dim(SNT).



Th .6 A vector space V(F) of dimension n is isomorphic to F*
Proof Let {v, v,-----1v,} be basis of V (F) then v € V can be expressed as
v =g v+ oy vy +a, vy, Where a; .

Let us define a mapping

f:V-> F" s.t.
f(v) = (ay, ap -

For homomorphism

Let u, v eV then

f (AU + pv)

fis homomo i@.
For one-one %
Letf (u) =f (v)

n n
= f< x ai'”’i) =f< % ,31""1')
i=1 i=1

= (ag,a;—--- ay) = (B, Bo----- Br)



= =

n n

= X av; = X By
i=1 i=1

> u=w

= fisone-one

For on-to Since for (a,, a,-----a,) € F™
then 3JIwveV se.
f(v) =(a, a,---- ay)
= fison-to

Hence fisisomorphism.

Th.7 Prove that if W (F) is any subsp

(Ri\t
fV,isa ve&&pace over the field F

W\
Siti defined as follows

cosets W + v, v+ being an ar
for the addition and sca

(W+aq) +(

WA (v +u) {V is commutative
@ = (W +0) + (W +v)
ii> Associative for addition
W+ +[(W+v)+ W +w)] = (W+u)+[WH+ (v +w)]
W+ (u+ (v +w)]

W+ (u+tv)+w



= (W+u+v)+(W+w)
=[(W+u) + (W + )] +(W+w)
iii> additive identity
0eV so W+OeV/W
Now (W+v)+(W+0) =W+ (vr+0) = W+

W +0 i.e. W is additive identity. @
@

iv>  additive inverse

veV > -veV = W+(-v) €

Now

(W +0) + (W + (- +

= additive inverse of W + v i -1r)
(% ,+) is abelian group. @
i v)]

za(W+u)+a (W+wv)
ii> (a+ﬁ)a%$‘= W+ (a + B) U
W+ ( pu)
= W+ (au+pgu
= (W+au)+(W+pu)
=a(W+u)+ B (W+u)

i> (@f)(W+u) = W+afu



= a(W+pu) = a[p(W+u)]
iv) L.(W+u) =W+1lu =W+u

Hence V/W is a vector space. This is called quotient space.

Th.8 If W (F) is a subspace of finite dimensional vector space V (F), then the quotient space
(/) is also a finite dimensional and dim ¥/}, = dim V — dim W.
Proof  Since W (F) is a subspace of finite dimension so let dim\W ="n with

basis {w;, w,-----w,, } since W is subspace of V.:so'it.can extened to basis of V

dmV=n+m

so any « € V can be expressed as

]
=
+

Q)
iy
<
=
T
u
K
S
<
+
=
+
=
=
S
A
i
)
§<§
&

I
=
+

=

[y

S
+

""" +Bm’”’m)

B (Wikvr1) % o (W +13) hassrt By (W +177)
= every element of V/W can:be expressed as linear combination of {W+;,-----W+wv,,, }
Nowwe will prove that this s sl
Let a; (Wtoy) + ay (Watvy pt------- + ay, (W) =W

=> W+ (a, v, +apws +----- ta, vy) =W

> Bi= = By = @y = S Uy =0



{ {w;----—-wy, vy----—-1, IS L.1}
> @ =-—-—-=a,=0
= {W+ry, W vy ,-—---- W +wv,, }is LI

Hence {W +vq, W +1, +------ W+, } is basis of V/ "

= dimV/y = m

= (m+n)—n

= dimV/), = dimV-dimw



