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_f Preface

| am glad to present this book, especially designed to serve the needs of the
students. The book has been written keeping in mind the general weakness in
understanding the fundamental concepts of the topics. The book is self-explanatory and
adopts the “Teach Yourself’ style. It is based on question-answer pattern. The language
of book is quite easy and understandable based on scientific approach.

Any further improvement in the contents of the book by making corrections,
omission and inclusion is keen to be achieved based on suggestions from the readers
for which the author shall be obliged.

| acknowledge special thanks to Mr. Rajeev Biyani, Chairman & Dr. Sanjay Biyani,
Director (Acad.) Biyani Group of Colleges, who are the backbones and main concept
provider and also have been constant source of motivation throughout this endeavour.
They played an active role in coordinating the various stages of this endeavour and
spearheaded the publishing work.

| look forward to receiving valuable suggestions from professors of various
educational institutions, other faculty members and students for improvement of the
guality of the book. The reader may feel free to send in their comments and suggestions
to the under mentioned address.

Author
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Syllabus

Unit 1: Degree and order of a differential equation. Equations of
first order and first degree. Equations in which the variables
are separable. Homogeneous equations and equations reduc-
ible to homogeneous form. Linear equations and equations
reducible to linear form. Exact differential equations and
equations which can be made exact.

Unit 2: First order but higher degree differential equations solvable
for x,y and p. Clairaut's form and singular solutions with
Extraneous Loci. Linear differential equations with constant
coefficients, Complimentary function and Particular integral.

Unit 3: Homogeneous linear differential equations, Simultaneous
differential equations. Exact linear differential equations of
nth order. Existence and uniqueness theorem.

Unit 4: Lincar differential equations of second order. Linear inde-
pendence of solutions. Solution by transformation of the
equation by changing the dependent variable/independent
variable, Factorization of operators, Method of variation of
parameters, Method of undetermined coefficients.

Unit 5: Partial differential equations of tho first order. Lagrange's
linear equation. Charpit's general method of solution. Homo-
geneous and non-liomogeneous linear partial differential
equations with constant coefficients. Equations reducible to
equations with constant coefficients.
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(UNIT-1)

Differential Equation of first order and first degree : Homogeneous
equations, Linear Equations and Exact differential Equation

Differential Equation : An equation involving a function and its derivatives is called a
differential equation for eg.

2. (x?+yH)dx — 2xydy =0
Order and degree of differential equation:

e ORDER:- The order of a differential equation is the order of highest order derivative
appearing in the equation.

z

d*y ay — &
p +3dx+2y €

x:

For eg:
Is a differential equation of second order.

e DEGREE:- The degree of a differential equation is the degree of the highest order
derivative, when the differential coefficients are free from radicals and fractions.

Foreg :
B/z

_ ]

I ¥/ dx*®
2N 2 A 27178
=e2(5) =[+(&)]
This is a differential equation of the second order and second degree.

e Equations of first order and first degree :-
Standard from :- Standard form of the equation of the first order and first degree can be

written as —
filx, y)dx + f,(x, y)dy = 0
Or Mdx+Ndy=0
Where f,(x,v) and £, (x, y) or M and N are functions of x and y.
e CASE-l :- Equation in which the variable are separable :- Differential equation of

following forms may be considered under this category



A+ £ (Mdy=0 (1)
Equation 1- can also be written as £, (x ) + /5 (y)% =0

Which on integration with respect to x give:-
[fidx+ [ f(y) Ldx = ¢
Oor [fi(x)dx+[£(Mdy=C s (2)

Where C is any arbitrary constant of integration.
Of integration
Eq(2) is general solution of Eq(1)

CASE-lIl :- When equation are Homogenous :
A differential equation of the form
d_y _ fi(xy)
dx  f,(xy)
Where f, (xy) and f,(x, y) are Homogeneous function of same degree, is known as a

Homogenous differential equation. Such an equation can be transformed into an
equation in which the variables are separated by the substitution y = vx(or X =
¥y, where «+ is new variable
Reason why the substitution y= 1+x transforms the equation into one in which the
variables are separable :-

The reason the substitution y = «x transform the equation

in to one in which the variables are separable can be seen when the given equation is
written in the form

Ay My y)
e W T A O e (1)

If M(x,y)and N(x, y) are homogenous function of the same degree and one substitutes
wx for y one finds that X’s all cancel out on the right side of eq(1) and the right side
becomes a function in V alone i.e. the equation takes the form

% =g(v) (2)

Substituting dy= v dx+xd ' then gives
vdx +xdv = g(v)dx s (3)

Where the variables can be separated as
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dv [k

gv)-v &

CASE-Ill :- When equation are linear:- An equation of the form
LEPY=Qx) (1)

Where P and Q are function of x( or constant) is called linear equation of first order.
- a differential equation is linear in which the dependent variable and its derivative
occur in first degree.
Linear equations are solved when they are
Multiplied by eJ?4% \which is called integrating factor (l.F.)because by the
multiplication of this factor the left side of eq(1) become perfect.
The general solution is given by
yefpd“ =y|" eJ‘pd“.de +c
oo YIF= [ILF.Qdx+c

CASE-IV - : Bernoulli’s Differential equations:-
The equation

%_'_ B — @) vilh, T AT e (1)

Is known as Bernoulli’s equation. It can be transformed into a linear equation by the
transformation y *™t =4 . (2)

wherewis a new variable.

Let us divide eq.(1) by y™ to obtain the equivalent equation.

y Z—i +y PHP(x) = Q(x) e, (3)

Now take the derivative of eq(2)with respect to x,we obtain

-n Gy_ 1 dv
d.x_l—n. da
Substituting egq. (2) and (4) into eq(3), yield ll:Z—Z + vp(x) = Q(x)
Or
d .
“4v [(1-n) P(x)] = (1-mQ(x)
Which is a linear equation in the variable . The general solution for Bernoulli’s equation
is
-1

ye_]'pdx — [(1 _n) fq(x) e(l—n)p(x)d.x dx + C]n
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CASE-V:- When equation are exact:- A differential equation which has been formed from
its primitive by differentiation and without any further operation of elimination or
reduction is said to be exact.

The necessary and sufficient condition for the equation Mdx+Ndy=0 to an exact

differential equation is -
2y D
oM N . .
'fg=g is true, then we have to show that Mdx+Ndy=0 will be an exact

differential equation. The solution of the exact differential equation
= Mdx + Ndy = 0 is given by
J(Mdx + Ndy) = [d[P+f(y)]=C
OR P(x,y) +f(y)=¢C
OR P(x,y) = [ Mdx[integrate M w,.r.t. x regarding y as constant ]

And f(y)= [ ( N-— a—") dy

Ay
CASE -VI:- Equation reducible to an exact differential equation.
A differential equation of the type Mdx+Ndy=0 which is not exact can sometimes
become exact by multiplying the equation by some function of x and y, which is
called the integrating factor.

Rule —I:- Integrating factor found by Inspection:-

Sno | Term Integration Exact differential
factor
y—r W FAy—yax _ ]
1 . (i< e 4(%)
) —ydx—xdy y
(Y 25 = —a(})
y‘l xdy — ydx i 2)
(iii )= ay o 9G
a4 L xdt — ydx Do Y
(V) s ey = 4 (e )
1 Y —ydx — xdy X
(V) " .o T = —d (:fm —)
"y Xty
. 1 xdy—ydx_d (11 x—y}
(Vl) I _l_ﬂ—x_ 7 = 15 Dg.!i— -
2 Xdy + ydx N zdyFyde _ { -1 } %1
(I)( xy)" (x3)n (ri=1) Gey) 1 n og(x+y)
n=1
N v Lt @
e | o)
JI—xty
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Q-1

Sol:

3 adx +ydy 1 wdactydy _ . o
N . -
(xz + yZ)n. (x2-p?) 2(1’!—1)[\_!{2—3,2)7 1
datyd : . '
x_,;_yzy= d {;log(x-‘ +y?) } whenn =1
yodx + 2xydy 1 v7dx + 2xydy ~ d( =1 >
x2y* X2yt o \ay?
ey dy =y d 1 Zaydy —y'dx_ (¥
%2 2 x
By ey 1 Zayds—¥dy _ _>
v y Y
24y “d — 24" ydy 1 2xy?dx — 2x?ydy d( x_z)
y* vt y?
xeﬂ'd‘}'_ eVdx 1 xeydy —e¥dx i d( ¥
x? b 2 T
SR 1 Ll
i y Yy

Rule:-2 if the equation Mdx+Ndy=0 is homogeneous and Mx+Ny = 0 then the integration

factor may be
Mx+Ny

Rule:3- if the equation Mdx+Ndy=0 has the form f;(xy)ydx + f,(xy)x dy = 0, then its

one I.F. will be provided the denominator is not zero.

Max—Ny
Rule:4 - if in the equation Mdx+Ndy=0, the value of % (Z—f—g—g) is a function of x alone
{say f(x)} thenylﬂf(x)dx will be the integrating factor ef the equation
Rule:5- if in the equation Mdx+ Ndy=0, the value of i (g—%) is a function of y alone

{say g(g)} then el934 yill be the I.F. of the equation.
Rule:-6 — if the equation Mdx +Ndy=0 is of the form x?y? (aydx + bxdy) + x"y*( lydx +
mxdy=0 where P,g,a,8,7,5,m are constant then xAyvi will be determined from the

Condition that after their multiplication the equation will be exact.

(e'+1) cosx dx + eYsin x dy=0
The given equation can be written as
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Y
e —
Cot x dx ST dy =0

On integrating we get
fcotxdx+ [ dy=
Jeotxdxt |—dy=c
Or log sinx +log (¢” + 1)=log c;
Where Cis an arbitrary constant of integration

(e¥ 4+ 1)sinx =C; is the required solution.

Q-2 (x—yHdx+2xydy=0
Sol. Substituting y? = z So that 2y dy = dz
The equation can be written as
(x—z)dx+xdz=0
Or xdx —zdx + xdz =0

Or d_x_l_ (xdz—:zdx) A

& &

Integrating log x +§ = constant
3
X

Or xe x = Ais the requried solution.

@3 {reos(2) #asin (D[ sn() - xeos()) ¢ 2=

Sol The equation is homogenous of degree two and can be solved by the substitution
_ &y dv
y = VX, L v + x— hence

{xcosv + vxsin v}vx —{ vxsinv — x cosv) x(v + %) =0

Or {cosv + vsin v}v —{ vsinv — cosv} (1r+ mw) =0

(£
(cogv+v ginv)v adv
Or-—ZERF =2
U gEinv—casv [k
2u casv adv
or——=2 _ =%
U @nv—cosv da

Or Separation of variable, we have

o —v g@nvtcosv
= — (IR gy

A
2 —
X v cosv
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11
Integrating
2logx = - log (v cosv) + constant
Or x%vcosv = C (arbitrary constant of integration)
Or xy cos% = C is the required selution
X x
Q-4 <1+eJ')dx+eJ’(1—§)dy =0
Solu Substituting x = vy se that dx = vdy + ydv then
(1+e*)(vdy+ ydv)+e*(1—v)dy=0
1 1+e¥ _
Or;dy +v+g,_, dv =0
Integrating log y + log(v + €¥) = constant
Ory(v+e”)=c
Ory (f+ex/y) =c
¥
Hence the required solution is x + ye*/¥ = ¢
d (x+y-1)2
Q-5 CYER R
dx 4(x-2)2

Soul

Putting x=X+h andy =Y + K in the given equation we have

dy _ R+r+rtr-1))
dix 4% +(r-2)}*

choosing h and k such that h + k-1=0 and h-2=0 which gives h=2 and K=-1
hence from (i), we will have

dy (X4¥)F

da 4x®

Putting Y= vX so that % =v+X ;L: we get

dur (1+v)* (v—1)*
= — =

da 4 4




%W&? EThereke Fevrede

12
Separating the variables
4dv E
(v-1)F &
Integratingﬁ =logX +logC
* _ 4/l-v
Or— =log CXorCX=e
4y
CX= exp——,
Replacing X by (x -2), Y by (y +1), we get the required solution as
Clx -2) = g*(®@=2)/(x=y-3)
d'y — xr—y 2 -y
Q-6 —=e"Y + x%e™
dx
. W -y 2
Sol.: =€ (e +x*)
By separation of variable we have
e¥dy = (e* + x? )dx
Integrating [ e¥dy = [(e* + x? )dx
xS
or e¥ =e*+ ?+ ¢ is the required solution
dy _ zty+1
Q7 dx x—y
Ans e e —— (1)
da &=y

Here% * % (~1%#-1)

Therefore we suppose x =X + b,y =Y +K =  -ommeeeee- (2)

Then new form will be the given eg'™ (1)

dy _ Xt¥4ete+y) o (3)
dx a—y+(h—k)
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h+k+1=0andh—k =0

sh=k=-1/2 e (4)
dy _ X4Y . . ) i

Therefore from eq (3) Ty which is Homogeneous equation substitute y = vx
dy duv
—=v+X—
dx dx

Ty duv _1+w
Ty T 1—v
Or x&v — 4w _ 1k

dX 1-v 1-v

Separating the variables

1—w dax

= dv = —
14 v- X

1 v ax
Or <1+v2 - 1+vz)d’/ %

After integrate we can write

tan~lv —%log QL+v)=legxX+ec e (5)
1
p =¥ = NE—_— v (6)
¥ x—= 2zl
And X = x +%= zx:l _____________ (7)

From Equation (5), (6), (7) we can write

L2y+ 1y 1 2y +1y°
tan'l< Y >——log [1 +<4.y > I
2x+ 1 2 2x +1
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2x+ 1
=C+ log( )
1 [2y+1) 1 1
Or tan 1(221) —Elog (xz + y? +x+y+5) =C
Q.8 Solve(4x+ 6y+ 5)dy— (3y+2x+4)dx=0
Sol. The given equation can be written in this way

dy _  2a+3y+4
de  2(2x+3y)+5

(1)
Here£=2=12
A B 2

Therefore suppose W = 2x + 3y :,s% =243 %

Then new form of the given equation will be

L (e _ g

3 \da 2W+5s

dw Iw+12 7w +22
Q== — +2=

da 2w +5 2w +5

By separation of variable

-2 i) aw= [T e

W Dlog(Tw +22) = X4
or w 140g w —2 (o

9 Tx
or (2x+3y)—ﬁ log (14x +21y +22) = —+¢

Which is the required solution of given equation.
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15
3, dy
Q-9 Solve ( x+2y°)— =y
dx
4y _
Sol. P
dx _x+2y dx  x _ 2
Org = ¥ Feiaie 2y

Which is in the form of Z—;+ Px=Q

I.F.=eJ1 _idy =g =1 /y
Therefore the required solution will be
x== [= . 2y%dy+C =y +¢C
y ¥
x = y(y? + c)where c is any arbitary constant.

Q-10 Solve (xy%+ x)dx+ (yx2+y)dy=0
Sol (xy? + x)dx + (yx? + y)dy =0
x(y? + 1)dx+y(x® + 1)dy =0

By separation of variable , we obtain

&
a4+l

Y _
dx+yﬂ+1 dy=20

Integrating glog(;vc2 +1) +%10g(y2 +1) =% logc

Or(x2 + 1)(y%2 + 1) = Cis therequired solution of given equation

3

Q-11 Solve? + xsin2y = x*cos?y
X

Sol. The given equation can be written

1 dy 2xginy cogy 3
—+ =X

costy dx costy



16

Q.12
Sol.

Q.13

day
orseczyi+2x tany=x% 0 ————— 1

Or eq (1) is Bernoulli’s equation from therefore we suppose

" av dv
=y = 2 N =

tany = v = sec S ot

From equation (1) and (2)

[<k2]
(£

+ 2% = x3

It’s a linear equation in 1~
I.F. = e_]"z.xd.x — ex:

Therefore the required solution will be

v e = fxs.e“:dx+ C
=f%tefdt+c [t = x7]
= g (t— et +c¢
1 a z
=3 (x2—1)e* +¢
tany.e® = % (x2—1)e* + ¢ [putting the value of v]

N

tany = g (x2—= 1)+ ce™™
Find the differential equation whose general solutionis y = ax? + bx
Given equationy = ax? + bx —

Differentiating (1) with respect to x
= 2ax +b -——(2)
fx

Again differentiating with respect to x

Y _9g —(3)

da®

Eliminate a, b from the equation (1), (2), (3) the required solution will be

Find the order and degree of the following differential Equation.

ﬂ+ 52 4 [ ydx = x3
daxt dx ;Y



17

%W&? EThereke Fevrede

Sol.

Q.14
Sol.

- +5 +|ydx—x

2

Or—+5 +y=3x*

Order— 3 Degree — 1

Solve xdx+ ydy=a (M)

x+ye
The given can be written as

A a’y a‘x o O
{X x2+v2}dx + { x2+y2} dy - (1)
atx
Here M = s N=y— pEp;
. oM a:(x +y").1—y.2y . a:(x —yz)
oy (42 ()
it e o )
D (2% —-y*)*F (ax®—y* )"
oM _ B_N
ov ox

Therefore the given differential equation is exact for get the solution

(i) w(x,y)=[ Mdx = f{

2 T
OR= (= )+a2y.£ tan™*=
2 v v

x2 X
u(x,y) = — + a’tan l;

,Z

(ii) B g o (3) = —a’x/x?+ y?

By 1-(x/y)*"

RS AT

2 v(y) =f{v—g—y} dy = fydyzy

} dx [takingy as constant]

Therefore the general solution of the given equations will be u(x, y) + v(y) = ¢

Or%xzi-a2 tan_l(§)+iy2=6‘

2

Orx?+2atan™ (f) +yi=k



18 %W&? EThereke Fevrede

Where K is any constant.

Q.15 Solve (1+yx) xdy + (1-yx)ydx =0
Sol. The given equation can be written as (xdy + ydx) + xy(xdy — ydx)=0
By inspection its I.F. will be i

. xdy+ydx + xdy—ydx

(xy)* xy =0

On integrating we obtain

-1 Y\ . .
E+ log (;) = C which is the

Required solution of given equation
Q.16 Solve (x?y — 2xy?)dx — (x* —3x%y)dy=
Sol. The given equation is Homogeneous equation of third degree.
Here Mx + Ny= (x?y — 2xy?)x — (23 — 3x?y)y
=x%y? #0
Therefore I.F. will be ﬁ

Multiply the given equation by I.F.

(x:y—ﬂ.xy:) Al (xs—szy) dy -0

x! yZ

iyt
o (53)ax (- ar =0 0
M= N=—2412
y o« ¥y

On Integrating we obtain

;—i— 2logx+ 3logy =C
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Which is the required solution of the given equation.
Q. 17 Solve (22 + xy*)dx + 2y3dy=0
Sol. The given equation is in the formof Mdx + Ndy =0
Here M = x3 + xy* N=2y?

o _

oM _ 3
=4xy ™

oy 0

. % (Z_f _Z_:) =$ (4 xy® — 0) = 2x (function ofonly x)

a

Therefore |LF. = of F@)dx —gf2xda — X
Multiply the given equation by I.F.

e’ (x* +xy*)dx +26% yidy = 0 -ereenne()

Here Z—f = Z—Z therefore Eq. (1) is exact equation.

On Integrating we obtain
é (x2 + y* — 1) =C which is the required solution of the given equation.
Q. 18 (xy?— 2%)dx+ (3x*y* + 2y —2x* + y*)dy=0
Sol. Here M =xy? — x* = (0M /dy) = 2xy
and N= 3x%y? +x%’y —2x* + y? = Z—Z = 6xy’ + 2xy — 6x°
-2

= —— [6xy?+ 2xy — 6x% — 2xy]=6

xy: —af

Therefore I.F. = ef 64y = ¢&
Multiply the given equation by I.F we obtain
e (xy? —x)dx+ e (3x?y*+ x?y—2x+yH)dy=0

Which is exact differential equation. On Integrating we obtain
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20
6y afyt x_‘g eV _yesy e —
€ ( 2 3 ) 6 18 108 c
2_ I 8 I ;
gy (¥ _ & 4y ¥y 4 1
€ ( 2 3 + 6 18 +‘.LDB
Which is the required solution of the given equation
Q.19 Solve (x?y% + xy + 1) ydx + (2?y2 — 2y + 1)xdy =0

Solution Here M =(x2y? + xy + 1)y, N= (x°y? — xy + 1)x
. M
t oy
N has the forms f,(xy)yand f,(xy)x correspondingly, so the integrating factor
will be

# Z—z hence the given equation is not an exact differential equation. But M and

1 _ 1 _ 1
Mx-Ny 535 +a®y +ay-aSy® +aty® —xy 22737

Multiplying the given differential equation by ﬁ we obtain

1

afyf

)xdy=0

M|

1 1 L 1
(1+x—y+ﬁ)ydx +E (1—x—y+
Which is now an exact differential equation and can be written as-
1 1 1 1 _
(ydx + xdy) + (;dx - dy) + (de + de)-o

rd A T, 4% _ o
Or d(xy)+d (log*) + 2
Which on integration gives
xy+logi-Z=c¢
y gy Ry
Q.20 Solve caszxj—i +y=tanx
Sol. The given Equation can be written as
ay 2. — 2
” + ysec”x = tanx.sec”x

lLE. = erec xdx ptanx
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21
Multiplication of the L.F. yields
gtans %+ ysec? x| =€t sec’x tanx
or :—x [yet™™ |=tanx sec’x e**™* which on integration gives
yet™ = [ tanx sec’x e* ™™ dx + ¢
or ye' ™ =c+ ™™ (tanx — 1)
Q.21 (3xy —2ay?)dx+ (x2 — 2ayx)dy =0
Sol. M = 3xy— 2ay? % = 3x — 4ay
- 2 _ BN _ _
N=x 2ayx ™ 2x —2ay
o By
2y D
1 f8m BN\ _ 1 h
bUt E (E N E) r x(x—2ay) A (x 2&}7)
== (which is a fn. of x alone)
Therefore the LF. = e x%
- elogx =X
Multiplying the eq. byx
(3x?y —2axy?)dx + (x? — 2ax’y)dy =0
which on integration provides
(3x?y dx + x3dy) — 2(axy?dx + ax’ydy)
= d (x%y) —d(ax?y?) =0
by integration
xiy— ax’y?=c¢
Q.22 (1—x)2 2y = xy?

dx
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day Ay av-
Sol. &y y o _xy

dx (1-x%) (L-a%)

1 dy & _ &
¥ dx o y(1-af)  (1-aF)

——————————— 1

Taking f = y

1 dy _ dv

¥ dx  dx

so by eq. (1)

dv X _ &

de | (1-x%)  (1-af)

dv xv _ —a
da (1-a%) (1-&%)

integrating factor I-F = Pl e

1

1
= e 2 lgde

1
—Logt
= er g

Log (1-x%) 1/z

- e

ILF=(1- x2)1/2 Therefore the required solution will be

v (1—x%)72 = == (1—x2)"2. dx

n(- = T ()

S(1=x) = LD ar
z — x? 1/'7 = (i
S(L—x7) 2 2,I(\/E).dt
L L _ 1k
;(1—9{2) /2 - S " e
i(l—xzjl/z = (1_x2)1/2 I,

(1- xz)l/z —(1- xz)l/z =cy
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1
(1-x"72 (1-y)=Cy
dy _ x+y+1
Q.23 dx  2x+2y+3
Sol. Taking xt+y=t
dy _ dt
1 + i fx
. gy _dt
) da da
dt £+1
Or ix 1= 2+3
dt t+1
ax el
dr _ t+1+2¢+3
dx 2t +3
dr _ 3t +i
dx 2643

Separation of variables

_2t43

dx — dt
3t +4
— (2 41 1
dai (3 iz (3t+4)) gt

By integration

dt

[ dx N

3 (3t+4)

11
|

3 Y (r+4) dt

3

x=§ t+§log (Bt+4)+¢
x=§(x+y) +§log (3x+3y+4)+ loge

9x = 6(x+y) +log(3x+3y+4) +logec

3x —6y=logc (3x+3y+ 4)
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e®~%) = ¢ (3x + 3y + 4)
c(3x+3y+4)= 3@
Multipule Choice Questions
Q.1 The order of the following differential equation is (y")3+ (y')* + y® = 5x
A 1 B) 2 © 3 (D) 4
Answer(B)
Q.2 Consider the following differential equations (@) ¥’ = (sinx)y + x?
(b) y' = x(siny) +e* (C)y' = y*+ x
Which of the following statement is correct
(A) All the equations are linear
(B) (a) and (b) are linear
(C) (b) and (c) are linear
(D) Only (@) is linear
Answer (D)
7 \5 1 \6
Q.3 The order of the differential Equations 5 (ZT’) +6 (%) +7y=8is
(A) 2 (ES € 5 (D) 6
Answer (B)
Q4 Which of the following differential equations are homogeneous ?
@ y=2 @ y=x (€)y' =2
@i  All(A), (B), (C) (i) only (A)  (iii) only (B) (iv) only (c)
Answer (ii)
Q.5 Which of the following differential equations are exact

@ S-T=0 (b)3x2ydx + (v +x¥)dy = 0
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(A)  Both (a) and (b) (Bonly (a) (C)  only (b)
(D) None of (a) and (b)
Answer (A)
Q.6 The degree of the following differential equation
1.\3 4
(&) +» (F) =7vis
(A) 2 (B)1 ©)3 (D) 4
Answer (C)
Q.7 The necessary and sufficient condition for a differential equation of first order
and first degree to be exact isMdx + Ndy =0
AWZ-  BE-% ()5 -5 (D  Noneofthese
Answer (A)
Q.8 Clairaut’s equation is defined by
(A y=px B y=px+f(P) (C)y=Px+f(c) (D) None of
these
Answer (B)
Q.9 The degree of the following differential equation 3175 +5 j—i + [ ydx = xPis
(A) 2 (B) 3 ©)1 (D) None of these
Answer-©
Q.10 if (x2 —9y)dx = (ax —y?)dy then:—‘:" ?

(A) a (B) —a (C)-3a (D) a*

Answer (B)
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Unit- 2

Linear Differential Equation with constant coefficient, C.F.
and P.1., Differential Equation of first order but not of first

degree

Differential equations of first order but not of first degree

The general form of the differential equation of nth degree and first order can be written as

dy n dy n—-1 dy n—2 dy p
(E) t Pl(a) “’2(5) o APy (a)“’n L

For the sake of convenience (Z—:) will be denoted by p.

p*+Pip™*+ P, p"? + -+ P, _p+P, =0 A ]

OrF(x,y,p)=0
Where P,, P,, ..... P, are function of x and y
Equation solvable for p :-

Let’s suppose the left side of equation (1) can be factorized into rational factors of first degree
then equation (1) can be written in this form —

(r— @) (r—@2) (p— @, =0

Where @,, @, ...... @,, are function of x and y then each factor when equated to zero will give a
solution. In all there will be nsolution of the type F,(x,y,C;) =0 F,(x,y,C,) =0

F,(x,y,C,) =0 where C;, C,...... C, are arbitrary constant of integration. The general solution
of equation (1) can be writtenas F, (x,¥,C) F,(x,y,C) oo v F(x,y,C)=0

Equation solvable for x:- If the given differential equation is solvable for x, let it be put in the

form x=F(y,p) (1) Whose differentiation with respect to y will vyield
dx

dx _1_ d_P) R
dy p ('b (yJ b dy
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Lets the solution of Equation (2) is
F,(y,p.c) =0 -3

Elimination of p between the equation (1) and (3) will give the required solution of given
equation .

Equation solvable fory
Ifthe given differential Equation is solvable fory. Let itbe put inthe form y = f(x,p)...... (1)

Whose differentiation with respect to x yield

& pmg o] )

Lets the solution of Eq (2) is ¥ (x, p,c) = 0 --- (3) the elimination of p between (1) and (3) will
yield a relation involving x, y and ¢ and these will be the required solution.

Clairaut’s Equation : Differential equation y = px + f (p) is known as clairaut’s equation. The
general solution of clairaut’s equation will be y = ex + f(c)

Linear differential Equation with constant coefficient :-

Differential Equation of the form

d']'l.—'l

d"y y
dam + Pl dan—1 it

dTl—:

T+ By =Q(x) - (1)

2 dx?'l—

Where P,,P,,.....P,_,, P, and Q are either constants or function of x is a linar differential
equation of nth order.

If pP,P, ... P, , P, are constants and Q is function of x then Eq (1) are called linear
differential equation with constant coefficient. Its can be written in this form

F (D)y = @ (x) where D™ = <

And (D) =D"+ a,D** + a,D* * + -+ a, D is called dif ferential operator
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Complementary function and particular Integral.
Equationf(D)y=Q(x)=  —— 1

If @ (x) = 0in Equation (1) then Equation f/(D)y =0 __ (2) is known as Homogeneous part of
linear differential equation.

Ify=y,y =y, ..y =y, benlinearly
Independent solutionof (2)theny =c¢, v, + ¢, y,+......... tC, ¥, e, 3

Will be solution of Eq. (2) where ¢, ¢, ..... ¢, are n arbitrary constant. A relation containing n
arbitrary constant is called the complete integral of a differential Equation of nth order.

Eq. (3) is called complementary function of differential Equation (1)
Cr=cytey,+ . .+c,y, =u(x)
Now let v = u(x) + v(x) where »(x) is particular solution of equation (1)

ie. P.l. = v(x)
General solution of a linear differential Equation
General solution = complementary function +Particular Integral

Y =C.F.+P.l.

Method of finding out the particular integral

Equation f(D)y = Q(x) —
Q(x) #0
_ &)
Y= Fo) B

Eq. (2) is particular Integral of Equation (1)

Case I- If F (D)=D
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ThenP.l.= % Q(x) = [ @(x)dx

Case ll-lIf f(D)=D — &
Then P.I.=y = — Q(x)
Or (D —a)y = @(x)

Or Z—:— ay=Q(x) >y =e%[ Q(x)e *dx

ﬁ Q(x) = e™ [ Q(x)e *dx

Case 111 IfF(D)=(D—a,) (D—a,)___(D—a,)

1

ThenP.l. = (D—y )(D—cy )oonre D=ty )

=A,e4% [ Q(x)e % %dx + A, e%% [ Q(x)e ¥ dx + -+ A e~ %% [ Q(x)e ¥ dx

Case IV If @ (x) = e where a is any constant

. ox
ThenP.l.= —— %% =
T

fla) #0

E \7
And % = ﬁ j—l e, ¢(a) #0

Al 3
F(D)

Case V- if @ (x) = sina x where a is any constant

1. 1 . ,
P.I. = ——sinax = _sinax, f(—a? %0
(%) F(=a%) f(ma? =
1 sinax= 2% —a?) =
And Sigor Sinax = — cosa x, f(—a*)=0
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Case VI If @ (x) = Coesax, where a is any constant
P.Il= . C -1 C f(—a®)#0
F(DY) osax = F(—a?) osax, (—a*) #
f(-a®)=0

1 & ,
And —— Cosax = — Sinax,
D*+a* 2a

Case VII- If @(x) = x™ where m is any positive integer. ThenP.l =

1 —
o if /(D) = D — a then

1 m_ 1L m

P.l.= —7
(D-e) x a(1-7)

:_?1 (xm+%+---.+:—;)

Case VIII- If @(x) = e*V where a is constant and V is any function of x

1

ax P
F(D+a)

ax . — g

ThenP.l.= ——¢
F(D)

Q.1 SolveP® — 4xyp + 8y% = 0 where P = dy /dx
P3—4xyp+8y*=0 ---- (1)
The given equation (1) can be written as —

= (2)

Solution

z

Ay
p + 4y
Differentiating Eq (2) with respect to y
L_2_dp P P odp
P P Pt ody a4yt 2y dy
1 2y dp p dap Pf
Or (———}.—)‘l' (- —— —) =0
b b dy 2y dy 4eyr=
1 2y dp pF 2y dp
Ort(1-L)_ £ () _mer)
b P ody 4t P ody
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or (1-28) (2 - "—) =0 3)

b dy 4y
1 P
Here we neglect the factor (— — —)
D 4yt

Because its gives us singular solution therefore

2y dpP
P ody

dy 2dpP
=0 orZ—-=-=9
v b

On Integrating we obtain
logy — 2legP +logec =0
OrP*=cy e )

FromEq. (2) and (4)

2 | ey c_ 25
x=—+4+—=0rx——=
Vey 4y 4 Ve

Or (‘W_G)h _ 4‘}'

16 c

Ore(4x —c)? = 64y is the required solution of given equation

Q.2 Solve (D? + 1)%y = cosx coshxwhere D =d /d x

Solution Here the auxiliary Equation is (m* + 1)? = 0 so the complementary function will
be (m? + 1)* =

~om = ti, ti
CF.y= (e, +c,x)cosx+ (3 +c,x)sinx

Particular integral will be given by

= _—— cosx coshx
y (D= +1)*
Cos ha Cos &
I.F. —_——
(D7 +1)*
1 (e5+e ™) cosx
|F, =hlltecoss

(DR +1)F
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_ 1 [(e¥cosx) (s_xcasx)]
2 L(DF+1L)F (D*+1)"

1 [ e¥cosa e ¥ cosx ]
2 L@+0)f+1)" ~ {(D-1)"+1)F
1 e* cosx e ¥ cosx ]
2 L(DF+2D+2)" ~ (DF-2D+2)F
1 e¥ cosx e ¥ cosa ]
2 [(-1+2D+2)"  (-1-2D+42)"

E r & -X
_ Ll |e cosx e “cosx

2 _(2D+1):] [(1—20)‘]
1 e¥ cosx e ¥cosx ]

2 [(4D® +1+4D) = (4D"—4D+1)
1 [ e¥ cosx ] [e_x cosx]

2 |—4+1+4D —4—4D+1

1 [e* cosa e ¥ cosx
=[5+ =)

2 | 4D-3 —(4D+3)

e cosx(4D+3) e *cosax (4'D—3)]
16D% -9 16D* -9

[N

Q.3  Solve % 2 -2;;—? + y = xe*sinx
Sol. Here the auxiliary Equation is m® — 2m + 1 =0

Sothe C.F. willbe-m =1, 1

CF.= = (Cl + sz)ex
— 1 & ap
P.l.= T 2pi1 [xe*sinx}
= e¥ = {xsinx]}

(D+L)*-2(D+1) +1

_e‘x

1 .
o [x sinx}

=e¥ %{—x cosx + [ cosx dx)

= —e¥{x sinx + 2cosx}
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Q.4

Sol.

Q5

Sol.

Hence the general solution of the given equation is

y=(c, +¢,,)e*—e*(xsinx + 2cosx)

Solve x%p? —2xyP+2y2—x2=0

2

x’p? —2xyP+2y? —x*=0

p = 2=y e’y —a” Oy —a7)

2x*

Or p=2=2=

dvy , -
Or Y4 ’1_5_
da & a*

Equation (1) is Homogenous Equation therefore put

= iy _ 4 %67
y = vx SO that o= vt —

xdy
U"‘d—:UiVl—‘l}'z
fe

On integration we obtain
sin~ty = +logx +loge

Or sin~* i + logex

ay 4 2y _

~a ta’—— =sinax

Here the auxiliary Equation is m® + a’m =0
Orm=0,m= tia

~ C.F.=c +¢c, cosax + ¢; sinax

sinax}

— . . 1
Pl =—————ssinax == {——
D(D"+a®) D \D*+a’
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o

Pl

1 (—=x -1 r
=< yog cesax: = & | x cosax dx
D (2 2%

1la 1
=— |- sinax + = cosax
2% la a-

\ 1
sinax —
2a® 2a®

cosax

Hence the general solution of the given equation is

X .
Sin ax

y=CF.+P.1=¢;+ ¢, cosax + ¢ sinax — —
Q.6  Solve y = 2px + y%p?

Sol.  The given equation can be written as

. (Ll (1% 2 [l
or (2P+yp )+P<2P+yp )dy U

o (o) (1438) -0

2

Here we neglect the factor (% + yp“) because

its gives us singular solution. Therefore 1 +%Z—§ =0or ‘;—f’+ %p =0
On Integration we obtain logy + log P = loge
Orpy=corP= f e ()

From Equation (1) and (3)

|‘<

x:

)
oY
XY | -

c

y? = 2cx + ¢? is the general solution of given equation.
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Q.7
Sol.

Q.8
Sol.

(Px—y) (py +x) = h*P
Suppose x? = uand y? = v then

dov 2y dy y dy
da 28 da & da

Suppose

Lap=%%_ =% g [p_ﬂ]
Y Y

rodu o du

Substitute :‘7 Pin place of P inthe given Equation.

(iPx —y) (5Py+ x) = h? iP
Or"
(Px?—y))(P+1)=h%
(Pu—v) (P+1)=nh%p
v = Pu— fTi which is in the form ofclairaut’s Equation
Therefore the required solution will be

'S . :
v =cu— ;E where ¢ is any arbitrary constant

2 2 REec
e —
y c+1

Solve (D* — m*)y = coshmx

Here the auxiliary equation is M* — m* =
Or(M—m) (M+m) (M*+m?) =0

M =m,—m, tmi

CF=c,e™+c,e™™ + cycosmx + ¢, sinmx

1
P.l. =3 coshmx

4 _m4
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_ 1 M g~
(D—m) (D+m) (D +m*) 2
— 1 X
"~ 2(D-m) (D+m) (D +m?)
1 L —me
+2 (D—m) (D+m) (D +m*") €
=l e™ L1 e
T2 (m+m)(m*+m*) 2 ! (-m-m)(m* +m*)
_ & e™* = g ME
o gms® gms®
& e N ,
=— ( . )— —— sinhmx
4m 2 4m
Therefore the general solution of given Equation
y=C.F.+P.I
y=cle™ + c,e™™ + ¢z cosms + ¢, sinhmx
+ _x_g sinhmx
4
4’ ¥y d"'y dy _ 2 2
Q.9 SO'VEE‘FZE'{'E—B TEGaEiyx
Solution The given Equation canbe writtenas (D® + 2D? + D)y =e* + x? + x

WhereD = di

Here the auxiliary Equation is m® + 2m? + m = 0
or m(m + 1)2 =0.m=0,—1,—1
therefore CF=c¢, + (¢; + cgx)e™

1

— 2x 2
Pl =— T (e** +x° 4+ x)
=— ¥ $2(14D)? (x2 4 x)
D (DH)* D
1

22 yLrg 2 _ 3 2
) © +D(1 2D+ 3D*— 4D +) (x* + x)
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=%e”+(3—2+3p—401h”)u2+x)
p B z

—éezx+[x?+%—2x2—2x+6x+3—8]

_i 2x i_i 2 —

=€ +3 S X +4x —5

Therefore the general solution of given Equation

y=C.F. +P.L

.XB

=c +(c; tegx)e™ +—e™ + =

- %xz + 4x

Q10 Solve (D%*+ a?)y=secax

Solution Here the auxiliary Equation is m? + a® =0
Or m = tia

~» C.F = ¢c,cosax + ¢, sinax

1 1
P l.=—— secax = ——secax
D* +a* (D+ia)(D—ia)

1 1 it
= —— —— | Secax
D-ia D+ia

1 1 1
== ( —Secax ——— Secax)
D+

D-ia ia
{e“”‘ | secax €™*¥ dx — €7'%* | secax e*™¥ dx}

1 A " ] )
= g {e‘““ | secax (cosax — i sinax)dx
Zi0

—e~% [ secax (cosax — i sinax) dx}

= i [eis* {[ dx — i | tanax dx}

—e~%% [ dx — i [ tanax dx]

= i {emx (x+ (i/a) logcosax) —e™** (x — (i/a) logcosax)}
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= {x (eiax — e‘iax) -|-§log cosax (eiﬁx + e—mx)}

1 L 2i
P.I = e {2 ix sinax +—cosaxlogcosax
(4«3 a

X , 1
PlL==- { sinax +— cosax logcosax
a a*

Therefore the general solution of given Equation

y = C.F.4P.1

, &, 1
= ¢, cosax + ¢,sinax += sinax + = cosaxlogcosax
2 a af

cdly dby dy _ 2
Q11 Solve: —5—-5—6"-=1+x
Solution The given equation can be written as

(D!—D?*—6D)y =1+ x?

Here the auxiliary equation is m® —m? —ém = 0
Or m(m+2)(m—-3)=0

~0,=2,3 =m

Therefore CF.=c¢, + ¢, ™™ + ;™

1

. 2
PL= somos (1 +x%)
" 9y _ -1 p-p*\~* 2
D (D*-D—-6) (1+x)—5(1+ 6 ) (1+x%)
_ct(_pp®  (@-Df) 2
= (1 —t—+ )(1 +x?)
-1

-1 . Db, b D 9
?‘I'g‘l'g—ﬁ‘l'"')(l-l'x)

(
(A 24 Ip - ) (L))
(
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1 3
=—x — X" ——x constant
108 + 36 18 +

Therefore the general solution of given Equation

y=C.F.+P.I
=c, tec, e ey e —%x+%x2 —% 3
Q12 Solve P% + 2py cotx = y?
Solution The given Equation can be written as
P2+ 2pycotx —y* =0

p = =2y cota—/4y" cot” a+ay”

a

Or P = —y cotx + ycosax ---------- (D
Taking positive sign in equation (1)

P = —ycotx + ycosecx

dy (1—casx) - [ 1-cos & ]
or ==y B [ -

da gina sinx (L+cosx)

dy Finx d Finx
Or_}zy( )07-_y=( )dx
o 1+cosx b l+cosa

On Integration logy = —log(1 + cosx) + loge

c

Ly =

1+cosx

Taking negative sign in Equation (1)

P = —ycotx — y cosecx

or dy (1+cosx) _ [ sinx ]
da y sina y (1—cosx)
dy sinx

or 2L =— ( ) dx
y 1—-cosx

On integration logy — log(1 — cosx) + legc



40 %W&? EThereke Fevrede

Sy = = == (3)

1—-cosx

The general solution of given equation from equation

@and (3 (v~ 55z) (V- =5) =0

1+cosa 1-cosx

Q.13 Solvex? + p%x = yp
Solution The given Equation can be written as
y="+px TGS

Differentiating Equation (1) with respect to x

dy 2a x" ip ip
T ax P PY 4 LR d
or (x—;) ®yE_p
“ da b
2_ .y dp = dx NP _ BERE
Or (P*—x) GVEP =0 Ol — = = S (O]

[s a linear differential Equation

. R TR LA
~ILF = eJ ™ dP = ¢ = =%

Therefore the required solution of Equation (2) will be

AN L g & _ 1 pa/z
X = J 2P.\/de+C or N PVt
orx=cyP—-P* - (3)
From Equation (3) and (1)
T R LT 2

Equation (3) and (4) both together gives the required solution of given
Equation.

Q. 14 Solve y —2xP+ ayp?=0
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Solution:

Q.15

Solution

Put y? = v so that2y Z—z = % in Eq (1) suppose [% = P] or2yP =P

y —2x (£)+ay(P2)=O

4yt

Or 4y? —4xP +aP? =0
Or 4v —4xP+ aP? =0

Orv=xp —% ap? is in the form of clairaut’s form

1 2
LU=XxXC —-ac
4

y

F+2%_ 3%= x* +3e** +4sinx

The given Equation can be written as

(D*+2D% —3D?)y=x>+3e* +4sinx

Here the Auxiliary Equation ism* + 2m® —3m? =0
Orm? (m*+2m—3)=0orm? (m—1)(m+3)=0
~m=20,0,1 -3

“C.F.= (e, +6,x) +cze* +c,e7™

1

PL= D% (D—-1) (D+3) (x? +3e* + 4sinx)

= syt (Grrmimar) (3™ + 4siny)
=3%(1+2D:D‘ +(2D:D:):+___)x2 +3:_::+2 % sinx
= (T ey e e

=2 (42042 ) 4 2 e 42 2sinx 4 cosx)

3 12 20

Therefore the general solution of given Equationisy = C.F. +P.I.
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Q. 16.

Solution

Q.17

Solution

— -3 3 2
=c¢ tex tege e e e

1/l
-I-E (2sinx + cosx) —é(j—z+
Solve %—3 %+ 2y = e*
The given equation can be written as
(D? —3D+2) y=¢*
Here the auxiliary Equationis m?> —3m+2 =0
Or(m—2)(m—1)=0o0orm=2,1

)
CF.= c,e* +c,e™

_t x__t §_1 &
P.I. (D-1) (D-2) € D-1 {(D—Z) & }

_ L 1 x)_ 1 x
T Dp-1 {(1—2) € }_(D—l)e

= —[e“,l e e_“dx] = —xe*

Therefore the general solution of given Equation is

y =C.F.+P.I.

y=ce*+ c,e’™® —xe*

Solve (D2 — 1)y = coshx cosx
The given Equation can be written as
(D?—1)y =§ (e*+e™®)cosx
Here the auxiliary Equation is m? — 1 = 0
Or(m+1)(m—1)=00r=m=1,—1
~CF=ce*+tc,e”™

1

— 1, & —-x
PL=0on {2 (e” +e7%) cosx
1t = i_ 1 =
“ 2 G- ¢ cosx + 2 (0+1) (p-1) © O5%

2 7

3 2
-x _I__x )
] 9
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& 1

COS5 X

I
[
2

1 -
n COs X - €
D* +2D + 2

& 1

1
Cos X +;e cos X

I
N R
m

—-1+42D

& 2D+1 1 _, 2D-1
. COSX —— € — - COSX
4D -1 2 4D -1

Il
[
m

-

€

[N

& 2D+ 1
cosx —=- €
—4-1 2 —4-1

= ;—: e*(—2sinx + cosx)% e ¥(—2sinx — cosx)

2, (ex—e_x) cosx (ex+e_x)
= Sinx —
5 2 5 2

. . 1
sinx sinhx — S COSX coshx

|~

[ E N

Therefore the general solution of given equationis y = C.F.4+P.I.

- 2 ; 1
ce¥ + ce7% + - sinx sinhx — - cosx coshx

Q.18 (D? + a?)y = tanax
Solution Here the auxiliary Equation is m® + a* =0 or m = tai

C.F. =¢c,cosax + c,sinax

1 1
Pl. = —— tanax = ———— tanax
D +a* (D+ia) (D—ia)
1 1
= — tanax

2ia (D—-ia) (D+ia)

1 . - i —; - .
= [em“ e " *tanax dx — e *** | ¢"“*tanax dx]
(4}
1 iax [ . . sin® ax
=— [Je [ sinax — i dx
2ia v cosax
—; " . . sin” ax
— {e tax | (smax +i )dx}]
v cos8ax
1 ; A~ . « [l—cos ax
=— [e“”‘ | sinax dx — ie*®* | (—) dx
2ia v v cosax

—; " . . +l-cost ax
—g T tax | (smaxdx — jgtt® | —) dx]
s Y cosax
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== [eio (M) — ieto¥ {310 tan <E+E) - }
2ia a a S 4 2 a sinax
—e A% (—_mmx) — jgTia¥ {ilog tan (E + E) — isinax}]
a a 4 2 a
= % [—71 gia¥ {(cosax —i sinax) + i logtan (g + i—x)}
1 _iax . , II | ax
t-e (cosax — i sinax) —i logtan (Z + 7)}]
=2 [_—l{l + iei““logtan(g + E)}
2in l a 4 2
+§ {1 — ie" "% o gtan (§+ c:—x)}]
_ L (i iax —iax I, ax
_Zia[a(e te logtan<4‘+2)]
=+ _—;lcos axlegtan (E + E)
a* 4 2
Therefore the required general solution is
Y=C.F +P.I.
; 1 I ax
= cycosax + c,sinax — = cosax logtan (4‘,— + T)
Q.19 ﬁi— ﬁi— = ax? + be *sin2x
' dat dxt Y
Solution In  symbolic manner . above  equation can be  written as

(D*+D?+1) y=ax>+ be *sin2x

Here the auxiliary Equation is m* +m?+1=0 or (m*+1)? —m? =0 or
(m*+14+m)(m*+1—-—m) =0

-1=V3i

2

m?+m+ 1=0,givesm =

1-V3i

2

And (m? —m+ 1) =0, gives m =

Hence the complementary function will be

—x/2 V3 . V3
y =e /2 ¢ cos—x + cysin—x
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— /2 E iy V3
=€ cgcos—x +c sin—x

_ 1
D*+D" +1

P.l. (ax? + be *sin2x)

— 2 4\-1,72 - 1 5
=a( 1+ D"+ D*)"*x* + be OoDir DT Sindx

2 9 — 1 ,
=a(1—D"—...)x*+ be™* . sin2x
( ) D*— 4D® +7D" —6D +3

— a2 —x 1 . .
= ax- —2a + be 2y b ()7 (-a)—eD+3 sin2x

9 —. lOD+39 .
ax” — 2a+ be™ —————— sin2x
(100D% —51)

9 b e—& ,
ax* —2a— — (20 cos2x + 9 sin2x
481
Therefore the complete solution will be

y=C.F.4P.I.
=¢~%/? clcos‘g—gx + czsingx ]
+ /2 [cg cosgx + c4sin‘/2—§x

ax® —2a— ﬁe_“( 20cos2x + 9sin 2x)

dly
1

Q.20 =

ik D — xecosx
dx
Solution Here the Auxiliary Equation ism? +m =0
Orm(m+1)=0 ~m=0,-1

CF=c +tc,e™

P.l.

= X COSX
D(D+1)

1 d 1
D*+D Cosx+ [5 (D(D+1))] cosx

1 d /1 -1
Cosx+ [— (———)]cosx
—1+D dD \D D+1

=X

=X
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Q.21

Solution

Q.22

D+1 1
cosx + [ + cosx

* -+ D* M]
— _Tx(D + 1)cosx + [cosx +%cosx]
—x . 1,
= T(—smx + cosx) + cosx +551nx

:ﬁ(si'nx + cosx) + cosx +%sin X
Therefore the complete solution will be

— X , 1,
y=c,+c,e™*+ 7 (sinx — cosx) + cosx +551nx

Solve (D2 —3D +2)y = e**sinx
Here the auxiliary Equation is m? + 3m+2 =0
or(m+1)(m+2)=0 « m="472

- -2
CF=ce*tec, e

al :
Pl.= —— ¢ sinx
(D+1) (D+2)
) '
=g —— ginx
(D+2+1)(D+2+2)

) 1 . 9 1 \
=¥ ———sinx = e“* ———— sinx
DE 47D +12 —1+7D+12

9 7D —-11 A . 7D —-11 ,
=eg®¥ ——sinx = e¢*———— sinx
49DF +121 49(-1)-121

- ) .
— e**[7cosx — 11 sinx]
170

Therefore the complete solution will be

y=C.F.4P.I

- -2 1 -2 .
ce + e ——— e [7cosx + 11sin x]

Find the general solution of the following equation.

y=px+ta/p
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Solution The given Equation is y = px + 3 (1)

Differentiating Equation (1) with respect to x

da dx  P* da
o (- 2) 20 s £o0mpd
Orx——r=0 === (3)
From Equation (2) P = ¢ (constant) ------------(4)

From Equation (1) and (4) y = ¢x +§ is the general solution of given Equation.

Q.23 Solve (D2 + 6D +9)y = 2e 3%
Solution Here the Auxiliary Equationis m* + ém +9 =0
Or (m+3)?=00rm=-3,-3

2 C.F.=(C+Cox)e™™

i 1 —3dx i
SR 2 e7** [here f(a) =0]

P.MGaadle 34
Therefore the complete solution will be
y=CF.+P.I

=(C,+Cox) e™3 f x?e™3

Q.24 Solve (D —1)? (D*+1)%y = sin?~x + e*
Solution Here the auxiliary Equation is

(m—1)2m*+1)*=0 am=1,1,+i +i
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CF.=(C,+Cx)e*+ (C3+ C.x) cosx + CCq + Cox) sinx

— L a1 .
Pl = EEETIE (sm cxte )
1 & 1 1-cosx
(O-DF(@F 41 © + (D= 1)F (D" +1)* 2
v 41 L ax
20 (1+1)F T 2 (D=1DF (DR +1)F

= = COSX
2 (D-1)* (D +1)" '
1 = cosx
2 (DF-2D+1) (D" +1)*

(D-1)*(D+1)*

1 -1 1
- — ——COS X
2 2 (DF-2D+1) (D" +1)*

_ 1,2« r_ 1 1
sx e+ +4. (DF+1)* (Dcosx)

1 .
=x* ex+ +— sin x

5 2 4 (DR+HL)E

sinx =I.Pof et

Now (D* +1)~

(D* +1)

ix _ 1 ia

Bl (D‘+l)* T (D+i)F(D-i)F

z x :

& e — 1z o
=— ——=—x"(Cosx+tisinx

2T )~ o]

: 1 4%
. = —SInx = — —Xx°“sinx
(DF+1)* 8

SPAT — éxzea‘g—ixzsinx

Therefore the complete solution will be
y=CF.+P.1

(C,+Cox)e* + (Cq+ Cox)cosx + (Cs + Cex) sinx

1
+= xze“+ ——x sin x

Multiple Choice Questions
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Q.1 The differential operator D™ D™ is equal to
(A) D™ (B) D™*" (c) ™+ D™ (D) D™/
Answer (B)
Q.2 The value of(D®* —3D%2+ 2D + 1) 23 =?
(A) 6 — 18x + 6x% + x® (B) 6 — 18x + 6x°
(©) 6+ 18x — 6x% + x° (D)  None of these
Answer (A)
Q.3 The value ofDil (x%) =2
(A) % (B) 12x* © g (D) None of these
Answer (C)
Q.4 The value Ofﬁ cosax =7
(A) ;—a cosax (B) ﬁ sinax (C)z sinax (D) :—a sinax
Answer (D)
Q5 For the differential equation 23 + a? Z—Z = sinax here C.F. =?
(A) ¢, + cocosax + cysinax (B) ¢, + ¢;sinax + cgsin (—ax)
(C) ¢y + cocosax (D) None of these
Answer (A)
Q.6 For the differential Equation (D% + a2)y = tanax here C.F. =?

(A) ¢ e®+) c,e7 (B) ) cycosax + cosinax
(C) cycosax — co5inax (D) None of these

Answer (B)
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Q.7  Thevalue Ofpl—inl sinax =?
-& & —& &
(A) 7. cosax (B) o, cosax ©) — cosax (D) — cosax
Answer (A)

Q.8  The value of-— % (cosax) =7
(A) -cosx (B) sinx (C) - sinx (D) cosx
Answer (D)

Q.9  For the differential equation (D% + 6D + 9)y = 0 here C.F. =?

(A) c,e™ 3 (B) c,e3* + c 073 (C)(cy + cox)e™3* (D) None of these

Answer (C)
1 .
Q.10 The Value Ofm e*Is equalto
1 2. i 3 x __-l- 2 x i T
(A) Jxe (B) Jxe (©) Sxe (A) Sxe

Answer (D)
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Unit-3

Homogeneous linear differential Equation Simultaneous
differential Equation, Exact linear differential Equation

Homogeneous L.D.E.

A differential equation of the form

dny . dn.—'_l.y - dn.—Zy dy
dx"'+a1x 1 +a,x™° +...+an‘_1xa

dxn 1 < dx™?

ta,y=Q(x)

xn
Where a,,a,, ....a, are constants and @(x) is any function of x is known as Homogeneous
linear differential Equation.

Simultaneous Differential Equation :-

A simultaneous differential equation is one of mathematical equation for an indefinite function of
one or more than one variable that relate the value of the function. Differentiation of an equation
in various orders. Symbolically represented as

£,(D)x+ £,(D)y = ¢y, (¥)

g,(D)x+ g,(D)y = ¢, () where f1,£5, 91 92 are
polynormials in D and ¢, (t), ¢,(t) are function of independent variable t.

2 1 N dy
Q.1 Solve x4‘:Ti+2x3i—Z—x“Z—i+xy= 1
Solution The given Equation is not Homogeneous linear differential equation. But in can be

reduce in Homogeneous form by dividing it x.

3 dly 2dly | ay =1
x da® +2x da® xdx+y & (i)
Substituting z = leg,x = x = €*
Therefore Eq. (1) can be written as

Ib(p-1)(D-2)4+2D(D—1)—D+1}ly=¢e"=
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Or(p—1)*(D+ 1)y=e"*where D = d/dz
Here the auxiliary equationis (m — 1)?(m+ 1) =0o0rm=1,1,—1
CF.=(e,+c,z)e” +cqe™@
= (¢, +clogx) x+egxt
— 1 -z — i -z 1
P.I. -0+ ¢ € (o-1+n) (1)
% ze ¥ = %x“l logx
Therefore the general solution will be y = (¢, + ¢,logx) x+ cox ™ + %x‘l logx
Q.2 Solve (22 +3x) , > +(6x +3)’+zy—(x+1)e
Solution Here P, = 2x*+3x P,= 6x+3P, = 2Q=(x+1)e"

NowP, —P,+ P, =2—6+4=0

Therefore the given differential equation is exact whose first integral will be
Pyt (P —Py)y=[(x + De*dxtc,
Or(2x2+3x) +{(6x+ 3)—(4x+3y)}=xe* +¢,

Or (2x2 + 3x) %+ 2xy = xe* + ¢, S—

Which is not exact differential Equation but it is first order linear Equation
therefore it can be written as

X

Z—Z+2y=ﬂ+“1 ------ @

2x+3 28+3  xa(2x+3)

Here I.F. exp. [ Jlog(2x 4+ 3)] =2x +3

Therefore the required solution will be

y.(2x+3)=].(ex + )(2x+3)dx+cf,

2x+3 x("’x+3)

Ory.(2x+ 3) =[(e“+1—1>dx+cz
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~y(Qx+3)=€e*+e logx+ ¢
2 d'y iy — o
Q.3 Solve x 1 tdx——+2y=e

Solution Using 6 as operator we can written the given equation as

0y = e* where 6 —xd

dx
Or(6°+36+2)y=-ce*
Here the auxiliary Equation is
m>+3m+2—-0
Or(m+1)(m+2)=0
Orm=-1,-2

— -2
CF.=cxt4+ex™?

. 1 1
AgainP.l. = e* e®
9 0% +30+2 (8+1)(e+2)
1 1] . i g
=|—- e® Ssiah — e
[9+1 e+2] 0+1 0+2
x7 [ xPre¥dx — x7? [ x*Tle¥dx
x te* —x " Hxe® — [ e* dx]

x te —x e x T e¥ =x 2 ¥

Therefore the general solution will be

-1 -2 -2
y=cx ttex i +x e

Q.4 Solve ¢ Z—:’+y=0

dy —
t E +x=0
Solution The given equation is t Z—f +y=0---(2)
iy _ -
t E"‘ x=0 2

Equation (1) differentiating with respect to t
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t dt” + dt + dt 0 (3)

Substitute the value of ‘;—:: from Equation (2) in Equation (3)

e e il e )
Now put z = log,t =t = e in Equation (4)
{D(D— 1)+ D —1}x = 0 where D = & -——-(5)
Here the auxiliary Equation will be
m’—1=00rm=+1
cx=cetece = ct+ct™t - (6)
Again from Equation (6)
Z—: =c,—c, t? - (7)
From Equation (7) and (1)
t(c,—ct™?)+y=0
ny=—citte, tT e (8)

Equation (6) and (7) both together give the general solution of given equation

3 )

d’y dy . dy .
Q.5 Solve —3 tcosx—+ —2sinx——— ycos x = sin2 x
Solution Here P, =1 P, = cosx P, = —2sinx P; = —cosx and @ = sin2x
Now P; —p, —p,' —p, = —cosx + 2cosx — cosx —0 = 0

Therefore the given equation is exact whose first integral will be

dty /N dy / / "
or Py +(P.—Pg)=>+(p; —pi—pg)y

=fsin2xdx+c1
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—cosg2x

Or Z;—f+(cosx—0)2—:+(—251nx+sinx+0)y = +c,
or th: t cosx% —sinx.y = _Tlcos 2x+ ¢y '“'---------(l) Again in Equation (1)
; 1
PO =1 Pl = COSX .P2 = —ginxand 6 = o _ECOSZX
Now

P,— P, + P, = —sinx +sinx +0 =0
Therefore the Equation (1) is also a exact equation whose first integral will be
P24 (P, — P)y= [{c —icos?.x} dx+c¢
0 4x 1 0)Y = Ji61 73 2
Or¥ 4 cosx.y= €x— e LT - N ——— ()
fdx 4 <
Equation (2) is not exact equation but it is linear Equation of first order.

Here I.F. :€J'cosx dx _— esinx

Therefore the required solution will be
. n N, .
y. eot¥ = | (clx —,sin2 x + cz) eft ¥ dx 1 6§
. 1Y : S o
y.e®tt = [ eix+¢,)e" ¥ dx —= | sinx cosx e dx + ¢

Again substitute sin x = t insecond integral of right side

M|

P | 1 1
J sinx cosx e=2¥ dx =3 | tetdt == (te* —e")
sinx

— 1 .
= E(smx L ) e

y,eSinx = ,‘ﬂ(cl-l_cz x)enx dx—%(sinx— 1)esin.x +c3
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Q.6

Solution

Q.7

Solvex3%+2x%+ 2y =10 (x+$)

substitute z = log ¢* =x = €~

Therefore the given equation can be written in form
[D(D—1)(D—2)+4+2D(D—1)+2]y=10(e*+ €7%)
Or(D*—D*+2)y=10(e*+ e *)where D =d/dz
Here the auxiliary Equation is

mi—m?+2=00r(ml) (m*—2m+2)=0
am=-—1,1+11i

CF.=¢, e+ &% (c,Cosz+ ¢gsinz)

=c¢, x '+ x [¢,Cos (logx) + ¢4 sin(logx)]

P.I.= = 10 (e*+ e7%)

"~ (D+1) (D" -2D+2)

—_ 1 Z 1 e
=10 [(D+l) (D*-2D+2) e +(D+l) (D*-2D+2) & ]

=10 [LEy 2 ]
10 [2 & +D+1 1+2+2

L0 gt 0 - [0 ]
R0 [26+5(D+1)e] 10 [26+55(D—1+1)'1

10 [% e +§ ze_z] =5x+2x tlogx
Therefore the general solution will be

y=c¢, x '+ x[c,Cos(logx) + c5 sin(logx)] + 5x + 2x "+ logx

Solve tdx = (t — 2x)dt
tdy = (¢x+ ty+ 2x—t)dt
the givenequation is tdx = (t — 2x)dt ------- (1)

tdy = (tx + ty + 2x — ) dt ---—--—--(2)



57 %W&? EThereke Fevrede

Adding equation (1) and (ii)
tdx + tdy = (tx + ty)dt

Ordx +dy = (x+ y)dt

da+dy
O )

On Integration log(x +y) =t +log ¢,
Or(x+y) =cet -----—---—(4)

Multiply equation (1) by t we can write

t2 Z_": +2tx =t? or % (t?x) = t? ----m-m=-(5)

On Integration Equation (5) t*x = %tg + ¢,

O L e ()

From Equation (4) and (6)

y=C, et — ét — Cy t7? cmmm - (7)

Equation (6) and (7) both together give the solution of given equation.
Q.8 Solve(2x2+3x)%+(6x+ 3)%+ 2y=(x+1)e*
Solution Here P, = 2x?>+3x ~ P, =6x+3 P,=2andQ@=(x+1)e*

NowP, — P, + P, =2—6+4 =0

Therefore the given equation is exact whose first integral will be
Pyt (P, —Py)y=[(x+1) e*dx+C,
Or (2x% +3x) £+ {(6x+3) —(4x+3)ly = xe* + ¢,

Or (2x%+3x) 2 +2xy = xe¥ + €, (1)
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Equation (1) is not exact equation but it is linear Equation of first order therefore we
can write Equation (1)
ay 4 2 _ = memmemmnnnnnae (2)
dx ¥ 2x+3 2 2x+a | x(2x+43)
Here I.F. = exp. [Iﬁ dx] = exp. [log 2x + 3)]
=2x+3
Therefore the required solution will be
y (2% + 3) - ” (2x+3 +x(2x1+3)) (2% + B)dx + €2
Ory(2x+3) = f (e“ +Cx—1) dx + ¢,
~y(2x+3)=¢e* +clogx+ec,
dx _ dy it E
Q.9 Solve e gV
Solution Taking first two members we have

da Y dy
cos(x+y) gin(x+y)

da+dy _ d=z
cos(x+y)+ain (x+y) z

Or

da+dy _ d=z
Or — YR =
v‘Eccrs(.ac-l-;),')-i—v\/E gin(x+y) \/:_Z

dx +dy St dz
Or gn (x+y)+1T/4 V2 z

[cosec (x+y+11/4) (dx+dy) =2 [Z
1ogtan$ (x+y+1I/4) = V2 logz + loge,

tan %(x +y+ E =zV2 ¢ - (1)

da+dy _ da—dy
cos(x+y)+an(x+y) cos(x+y)—an(x+y)

Again
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Q.10

Solution

Q.11

Solution

cos(x+y)—sin (x+y) _ .
cos(x+y)+sin(x+y) dx + dy = dx dy

log [cos(x+ y) +sin(x+y) =x —y+ loge,
cos(x +y) +sin(x +y) = ¢, €¥7Y e (2)

Equation (1) and (2) both together give the solution of given Equation.

x_' —x% + 2y = xlogx
Substitute Z = lege® = x = €7 therefore the given equation can be written as

[D(D—1)—D 4+ 2]y = ze®where D =

lh.ln

4]

OrD? —2D 4+ 2)y = ze*
Here the auxiliary equation is m? — 2m +2 =0
Orm=1+4i C.F.=¢e*(¢, cosz+ ¢, sinz)

= x [¢, cos (leg x) + ¢,sin (log x)]

Z
. 1 ZE = 1
AgainP.l. = = e*

= = z
D* —-2D+2 (D+1)% -2 (D+1)+2

R S D -
+lZ—e(1 DL 8

= ez =
D=

=ze® =xlog x
Therefore the general solution of given equation
y = x[¢, cos (leg x) + ¢,sin (log x)] + xlog x

dx dy dz

2aty)  z(a-3) | (@t

Taking x, —y, —z as multipliers

dx _ dy _ iz _ xdx-ydy-zd=z
z(xty) =z(x-y)  (2F+y) 0

xdx — ydy —zdz =0
Or2xdx — 2ydy — 2zdz = 0

Ord(x?*—y*—z)=0
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On Integration x* —y* —z% =¢,

Again taking y, x, —z as multipliers

dx _ dy _ iz _ ydxtxdy-—zdz
z(xty) =z(x-y)  (2F+y) 0

s ydx+ xdy —zdz= 0

Or2ydx + 2xdy — 2zdz =0
Or2d(xy)—d(z*) =0

On integration 2xy — z? = ¢,--------------(2)

Equation (1) and (2) both together give the complete solution.

Q12  (2x%+3x) T F+(6x+3) 2 +2y=(x+1) e
Solution Here Py =2x*+3x P, =6x+3 P, =2
And @ = (x+1)e*
NowP, — P+ P/ =2—-644=0
Therefore the given equation is exact whose first integral will be

POZ—::+ (P,—Py)y=[(x+1)e*dx +c,

Or (2 +3x) L+ {(6x +3) = (4x + 3)}y = xe* + ¢,

Or (2x? + 3x) Z—: + 2xy = xe* + ¢, -——--—----(1)

Which is not exact Equation but it is linear Equation of first order. Therefore its can be
written as

ay 4 2 _ T S —— (2)

dx ¥ 2243”0 2x43 | x(2x43)

Here I.F.= exp. [JH zxzjdx ] =exp. [log(2x+3)] =2x+3

Therefore y. (2x + 3) = f( ) xt dx b,

2x+3 x (2x+3)

2 y.(2x4+3) =e* +cjlogx+c,
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3
Q.13 Solve x® — ~3 —3x 2 Z = Tt 6x = (loge®)?
Solution substitute z = lege® =x = €% in given equation

Therefore we can write the given equation as
[D(D—1)(D—2)—3D(D—1)+6D]y = z? where D =

M| A

Or[p®—6D?+ 11D]y = z*
Here the auxiliary Equation is m® — ém? + 11m =0
am=0, 3+iV2, 3-iV2,
~CF.=¢c,+ec, @) 4 €3 e@7)"
=c¢, + €% [Acos (zV2) + B sin (zV/2)]
=c+ x 3 [A cos (\/Elogx) + B sin (\/Elogx)]

1 2

- 1 1 2
Pl=—0—7F—— z"== e 2
D®—6D +11D D {11_6 (D_G)I

-2 (-2 @)
-3 (o-2)s 2 (-5

+22 (-2 +]()

1331 &
— Sl 3, G4 2 3e _ 216
—33[2 +2 (327 + (62— 2) + om (6)]
1 {3 150 504

_33[Z+1 +121 +1331]

=1 34 18 )2 g 150 504
Pl= > [(log x)* + " (log x)* + o (log x) + ]

1331
Therefore the general solution will be

y=c, + x? [A Cos (\/5 logx) + Bsin (\/Elog x)]

L 3418 24 10 20+
+33 [(logx) +11 (log x)° + o (log x) + — ]

1331
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Q.14 Solve (1 + x)? %+(1 + x) %+y=4=coslog 1+
Solution Substitute 1+ x = »in the given equation therefore the given equation can be
written as 1,2273 +v %+y = 4coslog v-------- (1) which is Homogeneous linear
differential Equation therefore assume z = logv =v = €~
Equation (1) can be written as
[D(D—1)+ D+ 1]y = 4cos log € D=i
Or(D?*+ 1)y =4cosz
Here the auxiliary equation is m> + 1 =0=m = +i
CF.=¢;cos(z+¢,)
c,cos (logv +¢,)
c,cos + {e, +log(l+x)}
P.l.= D:1+1 4cosz = 4. (;3) sinz = 2zsin z
Pl =2log (14 x)sinlog(l+ x)
Therefore the general solution of given equation will be
y =cycos{e, +log(1+x)}+ 2log(1 + x) sin log(1 + x)
Q.15 Solve ‘i—x = ‘;—’ = ﬁ
Solution Taking first two member we have
dx _ dy
Y

On Integration logx = logy + logec,or x = ¢,y ------(1)

Again x, y, z taking as multipliers
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d_x — d_y — iz — xdx +ydy +zdz
x ¥ z—aJxt +yF +2F & 4yt st —am/at 4yt 2
Substitute x? + y? + z? = uZin last two member
dy _ dz _  udu
¥ T z-—au  uf—quz
d_y — [<§-4 — (<573 — fz+du
Or ¥ Z-au u—az (1-a)(u+z)
Now taking first and last member
_ d_y — dz+du
(1 a) y u+z
On Integration (1 — a)logy = leg (u+z) — lege,
Oru+z=c,y' ™
Orx?+y?+ 2z +z=c,y'7% -————-(2)
Equation (1) and (2) both together give the complete solution of given equation.
xdr RN N
Q. 16 Solve T, ;2
Solution Taking last two member

(y—z)dy =(y +z)dz
Or ydy — zdz — (ydz + zdy) = 0

1

Ord {— (y?—z?}—d(yz) =0

2
On integration %(y2 —z} —yzr =2

R Jmm—— |

Taking 1, y, z as multipliers

xdx _dy _ dz _ xdatydy-—tzdz

2t —2yz—y*° y+z y-z 0

s~ xdx+ ydy + zdz =0

Ord (x*+y*+z%) =0
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On Integration x2 + y? + z? = ¢,—------(2)

Equation (1) and (2) both together give the complete solution of given equation.

dx Q — L
Q.17 Solve —== == 5 [Sin(y+2x)]

Solution taking first two member

dx _ dy
-2

On Integration x = _2—"’ +c1’

Orx+Z=c1lor2x+y=c, -—--—---(1)

- odx iz
Agaln 1 axtsin (y+2x)

iz

Or3x2dx =

Sincg

On Integration x? = S_z +c,

iRcqy

I __Z o
X = gin (2x+y) + ca (2)

Equation (1) and (2) both together give the solution of given equation.

dy _ dy _  d=z
Q.18 Solve 2 5
. dx+d dz
Solution Y —
x2+y2+2xy  zlx+y)
or
da+dy
LTy =4
(a+y)*

On integration log(x + y) = logz + lege,
x+y=zc ---—--(1)

Now taking first two member

de _ dy 0 dy 2xy
at 4yt 2x3 da P
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= L v xdv
Lety—vx:;dx dx.x+v1+vz dx+v
xdv 20 xdv _ v(l—v:)
o w4 VT T i
1+° dax 1 2w 1
v(1-v7) dv = ? :(: + 1—72:) dv = ; dx
Orlegv —log(1 —v?) = logx+ log c,
v
e =
=log T logx.c,
~ =XC, = =€,
1-v* < Xt —y* <
sy =(x%— yz)cz-----------(Z)
Equation (1) and (2) both together give the complete solution of given equation.
ol _ dy _ iz
ng SOlVG 'yl+yz+z!' - 2l tzxtal o 2t +xy+y!‘
Solution dx—dy _ dy—dz s dz—dx

yi—al+tz(y—a) zt-yita (z—y) ai-zf+y (x—2)

dx—dy ol dy—dz B dz—dx
(y-%)(y+ata)  (z=3)(xty+a)  (@-2)(aty+a)

de—dy  dy—dz  dz—dx
(y—x) (z-y)  (x—2)

Now taking first two member

da—dy  dy—dz
(r—=) —y+=

da—dy ady—dz
Or =
(x=y) y-z

On Integration log(x — y) = log(y —z) + logc,

Now taking last two member

dy—dz _ dz—dx

z-y X -z

dy—dz dz—dax day—dz dy—dz
or = =N =

—
y—z —x+z X—Z y—z
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log y—z) =log (x—z)+logec,

Y7E = ¢ e (2)

x—=z

Equation (1) and (2) together give the complete solution of given Equation.

)

Q.20 Solve sin’x % =2y

Solution Divide the given Equation by sin’x

d:y
da’

equation by cotx

— 2y Cosec’x = 0 --—-----(1) which is not exact equation multiply the above

dty

Y dy 2, — O e
cotx —+ 0->—2cotx.cosec’x.y =0 2)

Here = P, = cotx P, = 0 P, = —2cotx.cosec’x.6 =0
Now P, — P, + P, = —2 cotx cosec’x — 0 + 2 cot x cosec’x =0

Therefore equation (2) is exact Equation whose first integral will be
ay /

Poﬁ +(P,—Py)y=c,

Or cot x Z—:+ (0 + cosec’x)y = ¢,

dy cosect x
Or—=+
dx cotx

Y = cytans —eeeemsieeeeeee(3)

Which is linear equation of first order here I.F. = exp. {f cosec” x dx}

cotx
= exp.(—log cotx) = tan x
~ytanx = ¢, [ tan®xdx + ¢,
=c, [(sec’x —1) dx+c,

~ ytanx = ¢, (tanx — x) + ¢,

d. dy d.
Q.20 SolveZE=2=2
¥z

xz y*

Solution Taking first two member
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Or x*dx = y2dy
On Integration x* — y3 = ¢, ------------(1)

Now taking first and last member

xdx _  dz
iz 7
xdx = zdz
2 2 _
x4 —2z% = ¢y - (2)

Equation (1) and (2) both together give the complete solution of given Equation.

Q21  Solve 2 =% _d=

1+y 1+x z

dx+dy _ dz

Solution ==
(24x+y) z

On integration leg (2 + x +y) = logz + lege,

Oor2+x+y)=zc, -——-—---(1)
. d d d da+dy+dz
Again — = 2 == = =2
1+y 1+a z 2+x+y+=

dz __ dx+dy-+dz
24x+y+z

logz=log (x+y+z+2)+ loge,
z=(x+ytz+2)e, -———-(2)

Equation (1) and (2) together give the complete solution of given equation.

Multiple Choice Questions

Q.1  The Value of@ x™ =?when f(m) # 0



68 %W&? EHorede S Fprrate
) B) = c) == D) None of th
Answer (A)
Q.2  For the differential Equation e _ Ay _dz
1+y 1+x z
Its one solution will be
A 2+x+y=2zc;, (B)2—x+y=¢,(C) 2—x—y=12zc, (D) None of these
Answer (A)
Q.3 For the differential Equation_x2 % +4x Z—i + 2y =e*here C.F.=?
(A) crx™t 4 ¢ x? B)ax t+c,x2  (C)eyx t—cox72 (D) None of these
Answer (B)
Q.4  For the differential Equation j—i + uzﬁy = e*here Integral Factor="?
(A)2x —3 (B) 4x +3 (C)2x+9 (D) 2x +3
Answer (D)
£ 1 Y
Q.5 ZT; + cosx ZT? — 2sinx j—i — ycosx = Ssin2x
Here the value of Q="7?
(A) cosx (B) —2sinx (C)sin2x (D) —ycosx
Answer (c)
Q6 (20%+3x) T3+ (624 3) 2 +2y = (x+ e
Here the value of P, — P'y + P''y =?
(A) 2 (B) 0 (C)4 (D) None of these
Answer (B)
)
Q.7  For the differential Equation % + 2222y = ¢, tanx here the Integral factor =?

coLx

(A) tanx (B) cot x (C)logtanx (D)—cot x
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Answer (A)
Q.8  The Value ofDi,‘( 4x%) =7
(A) 24 (B)0 (C)24x (D) None of these
Answer (B)
Q.9 The Value of ( D2 +3D%)x? =7
(A) 8 (B) 12 (C)6 (D) None of these
Answer (A)
Q.10 For the differential Equation % - xl, y=1+ xig + % here integral factor = ?
(A) e/ (B) ¥ (C) e/ (D) None of these

Answer (C)
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Unit-1V

Linear differential Equation of second order

An Equation of the form

%+P(x) 2—Z+ Q(x) y= R(x) is called a linear differential equation of the second order,
where P,Q and R are functions of x alone (or perhaps constants).

To find one integral belonging to the C.F. by inspection - The given Equation

d* v

da®

+P £ 4@y =R (1)

1) y =e*willbeaC.F. ofequation(1)if 1 +p+Q@ =0

2) y=e*willbeaC.F. ofequation (1) if1— P+ @ =0

3) y =e™* will be a C.F. ofequation (1) if m* + pm+ Q@ =0

4) y = x willbe a C.F. ofequation (1) if P4+ @Qx =0

5) y = x% will be a C.F. ofequation (1) if 2 + 2Px + @x? =0

6) y = x™ will be a C.F. ofequation (1) if m('n—1) + Pmx 4+ Q@ =0

Removal of the first derivative or change of dependent variable :-

ion & iy Al
Equation ™ P 70 +@y =R

WhenP + Qx #0,1—P+Q#0,1+P+Q =0

-1
u=C.F.= exp.{? dex}
Complete solution y = vu
d*v _
0 +I.v=35
1dp

WhereI=Q—%P2——

2 da

And S =R exp. {% f de} = f
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Change of Independent variable :-
Let the linear Equation of second order be
dzy

da”

x be changed to z. where z is a suitable function of x.

+P2—i+ @y = R where P,Q and R are functions of x. Let the independent variable

Substitute Z—i ,%these values in equation (1) yields

d’y dy
E-I-PIE-I- Q. .y=R,

d°z Pdz

=+t
Where p, = &&= o =2

& (&)
R, = % Here P,,@,, R, will be functions of x and may be converted as function of z
da.

By the chosen relation between zand x

Solution by means of operational factors :- Let the linear equation of second order be given as
y ay —
Fo—=+P ——+Py=R
In symbolic manner above equation may be written as (P,D*+ P,D+ P,)y=R
where D = :—x or f(D)y =R

Here f(D) can be resolved into a product of two factors £, (D) and f£,(D) such that £, (D)
operates upon y and £, (D) operates upon the result of this operation. The result obtained
in this way will be same as obtained in the case when f(D) operates upony.

Symbolically we can write
f(D)y = £,(D){f,(D)y}
f(D)y = f,(D)f,(D)y
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Q.1 Solvex%—(Zx—l)%+(x—1)y=0
. . . . dty 1\ dy 1 —
Solution The given equation is —r (2 — ;) —+ (1 ——x)y =0 -—-—--(1)

&

HereP=—(2 —ix) e=1-—=
Here 1+ P+ @ = O hence y = ¢* will be a part of complementary function.

Now taking y = ve®

dy dv ri:y dv d:y
—=pe* +e¥—, S =ve* +2e* —+ ¥ —
fda o da” fdx da*

Substitute the value of Z—i ZT} in equation (1), we obtain

e[+ 28 4 0] - (2-2) e (0 + L)+ (1-2)ve =0

da” & a a

‘v _ dap

da® da

. . av
Again we consider d—” Y —
&

From equation (2) %+ E =0 or %" Ml

&

On Integration, legp = —legx + logC,

C. dv C. C.
aPp=22 = 8 g =0 gy
X [k X &

Again by Integration v = C;logx+ C,
Therefore complete solution of given Equation is

y = ve* = (e logx +c,)e

Q.2 Solve (x +2) T3 — (22 4 5) 2 + 2y = (x + 1)e*

Solution The given Equation is ‘;Tb — <_2”+5)£ _|_( 2 )y _ <x+1e‘ )

x+2 ) dx a+2 a+2

2x+5

Here P= —
x+2

and Q= 2

x+2

Here m? + mp+ Q@ =0,form=2,i.e.2? +2P+ Q=0
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Therefore y = e** will be a part of C.F. now taking

dy dv dt Yy 9 dv dat v
y=pe®®, == =2pe®® + e — and == = 4ve®® + 4% — f ¥ —
da da da* da da*

Substitute the value of dy /dx and d?y/dx? in (1) we obtain

div 2243\ dv  (x+1) e™*
: & _ )
da” x+2 / dx (x+2)
. . dv dtey  d
Again we consider == = p then == = £
dx da*~ dx

From (2) 22 + (222) p = &" . (3) which s

x+2 T (x+42)

Linear Equation of first order whose

LF. = exp.{f 2:;3 dx} = exp.{f (2 - xl:) dx}

oX
]

x+2

= exp. 2x —log(x +2)} =

Therefore solution of equation (3) will be

et _r (x+1)e_xﬁ - x+1 &
Pon = e TG f(x+2): &
_y1r 1 &
e {x+2 (x+2):} Bl
ex e sx is gx
a+2 +J (x+42)° & (x42)* dx + €,
ex
= S
dv —x —2x
P=—=e¢ + C,(x+ 2)e

Again by integration we obtain

v=e¥dx+C, (x+2) e ¥dx +C,

-ox —Ix
Orv=—-e*+¢(, {(xH) = — f : dx} + C,

_2 -

Or » = _e—x + C_L {_(x+2) g _ e—‘h“} dx + Cz
2 4
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v=—e* _Tl C, 2x+5) e ™+ ¢,

Therefore the complete solution of given equation is

1 a9
y = 'vez-% = —ex —Z Cl (2x+ 5) + Cze‘x

1" - - - -
Q.3 Solve SinzxZT{ = 2y giventhat y = cot x s its one solution.
Solution The given equation in standard form is written as :x—y —mf:x Yy =0 -——-----(1)

Its giventhat y = cotx is part of C.F.

. d dv
Now taking y = vcot x then d—y = cotx d—t — veosec’x
& &

d'y d’ v ) dv b
And — = cotx — — 2 cosec“x — + 2vcosec®x cotx

dx* dx* dx

. dy diy . y
Substitute the value of . ) Equation (1)
e 3 Xc

2 dv

£ =)

sinx cosx da

. dfp
We obtain &2 —
dx*

] . dv v d
Again we consider == = P, then =— = -2
da da* da
i (<04 2
From Equation (2) — — — P=0
fx Sinx cosx

Or %P = 4 cosec2 xdx
On integration we obtain legP = 4. ilogtan x +log C,
OrpP=¢, tanzx:)% = C,tan’x
Again by integration v = ¢, [(sec’x — 1) dx + C,
v =¢/(tanx — x) + ¢,

Therefore the complete solution will be

y =veotx = ¢; — ¢, xcotx + ¢,cotx
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Ly ge® 2_1)=—3esi
Q4 Solve T —dx——+ (4x*—1) 3e** sin 2x
Solution Here P = —4x Q@ = 4x? —1 R = —3e*’sin2x
To remove the first derivative, we will choose
— -1l — s
v, = exp.{Tyl —4-xdx} =€
Putting y = ve* | the equation will take the form
v +Iv =5 --—-(1)where I = —1488_Zp2
dat v= =@ 2 &

Orr=(4x?—1) —2(—4)— 7 (16x%) =1

And 5 = Rexp {i ylﬂpdx}

2
= —3e* sin2x. exp. {i [ —4-xdx}
2V

= —3e* sin2x.e™® = —3sin2x

Therefore from Equation (1) % + v = —3sin2x----(2)
Equation (2) can be writtenas (D? + 1)v = —3 sin 2x where D = :_x

Here Auxiliary equationis m? + 1 =0 =m = +i

C.F.=c,cosx + c,sinx

; 1 . ~3gin 2 .
AgainP.l. = —— (—3sin2x) = ——= = sin2x
DF +1 —2F 41

s v = ¢ co05x + €,5inx + sinax

Therefore the general solution of given Equation

y = vu = (¢ cosx + c,sinx + sin2x) e
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9
el oosdy (21
Q.5 Solve: x dx1+3x dx+(a y—xz)

Solution Here the given equation is

d:y Idy a” _ i

da’ & dx xS a8 (l)
3 a” 1

Here P = " Q= oe R = ]

Changing the independent variable from x toz, the above equation will take the form

Z:.TY + Pl% + Qly = R;L --------___(2)
Lz, p
Where p, = &g« 0, =2,
) &
And R, = ——
b

Now z will be chosen in such a way that

@, = a“[constant] This gives @, G VoL T

And on integration z = _Tlxz

-8 1
— xd xS

Again P, = =5 =0 R,

ol

R | 1

i 1/x° ot

Fz\l

Substitute the value of P, @, and R, inequation (2) we obtain

d’y 9 1
—+a'y ==
az* y (e

Or (D% + a®)y = —2zwhere D =§

Here the auxiliary Equation is m? + a’ = 0 =m = +ai

~ C.F.= c,cosaz + c,sinaz

AgainP.l. =

Ar =k (145) (22)

D

=%(1_i’_j+...)(_2z) =

2z
ot

=

. 2z
~y =c¢,cosaz + ¢,sinaz ——
i
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Q.6

Solution

Q.7

Solution

= ¢,c05— csina+1
y 1 2x” 2 2x” a® &t

Solve 3x2%+(2+6x—6x2)%—4y= 0
The given Equation in symbolic form will be
3x’D*+(2+ 6x—6x*)D— 4}y =0

Or {(3x2D? + 6xD + 2D) — (6x’D+4)}y =0
Or{p(3x°D+2)—2(3x’D+2)}y=0

» (D=2)3x*D+2)y=0 - (1)
Now let (3x?D+2)y=v - (2)
Thenby (1) (D —2)v =0 or z— —2v

On integration logv = 2x + loge,
Orv =c,e*? ———(3)

Now from Equation (2) and (3)
(3x’D+2)y=ce™

Or3x? %

da

+2y =ce*

X

OrZ 4 2 y=2 .4

3x*®

It is a linear differential equation of first order whose I.F.=exp {%fx‘zdx} =

=
)

Therefore the solution of equation (4) is y = ** esx [ x72 %23 gy ¢ 0(2/3)

Solve (x + 2) 5% — (204 5) 2 4 2y = (1 + x)e”

The given Equation in symbolic form will be
{(x+2)D*—(2x+5)D+2}y=(1+x) &¥
Or{(x+2)D*—2(x+2)D—D+2})y=(14+x) e*
Or[(x+2)D(D—2)—(D—-2)] y=(1+x) e*

s {(x+2)D—-1}(D—-2)y=(1+x) e* e (D
Now let (D —2)y = v (2
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Thenfrom (1) {((x +2)D —1 }v = (1 + x)e*
Or (x +2)%— v=(1+x)e*

dv 1 y — 14 & o
Or dax x+2'l’ <x+2)'6 @
- 1 _ 1
Whose I.LF. = e[ ———dx = e los &+2) =
- x+2 x+2

Therefore the solution of Equation (3) will be

1~ L+a ~ (a+2-1)

v =t e¥dx+tec, = 1) e¥dx+ ¢,
=] (.x:Ll-Z N (sz):) etdx t+ ¢

= x:xz t+c f e“[f(x) + f’(x)]dx — e"f(x)
cv=e*+c(x+2)—-—--@

Substitute the value of = in equation (2)

(D—2)y=e* +ey(x+2)or=L—2y =e* 4 cy(x + 2)---®
Here I.F. = exp. [ —2dx = e™**

Therefore the solution of Equation ® will be

ye ¥ = [{e* +¢,(x+ 2)} e *dx + ¢,

[e®dx+e, [(x+2)e ¥dx+ ¢,

e " (x+2) BTt
( ' )+62

— L

.-.yz_ex _i Cl (2x+ 5)+6262x

Q.8 Solve %1 + a’y = secax by the method of variation of parameters.

Solution Complementary function that is solution of the equation ZT} + a’y =0 will be

y = a'cosax + b'sinax ---(1)

Let us assume that the complete solution of the given equation be
y = A cosax + B sinax—(2)

Where A,B are function of x
Ay _

, dA \ dB
= —Aa sinax + Ba cosax + cosax — + sinax —
X X a
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Q.9

Suppose 4,cosax + B,sinax = 0 ----3)

dy .
Then d—} = —Aa sinax + Ba cosax
&

And Lf' = —Aa’cosax — Ba’sinax — ﬁa sinax + Ea cosax
da* da da
Now substitute the value of y from (1) and its derivative in given equation we obtain
—A,sinax + B,acosax = secas --------4)
From equation (3) and (4), we obtain
dd _ -1 dB _ 1

A, = —=—tanax, B, =—=-
1 da a ! 1 da a

On Integration 4 = — é [tanax dx+ ¢, = aih logcosax +¢,
And B=§ [dx +c, =%i+c2
Therefore the complete solution of given equation will be

y = (i logcosax + cl) cosax + (5 + cz) sinax

, x 1
y = ¢ cosax + ¢,sinax + = sinax + — cosax. logcosax
2 - -

Solve by the method of variation of parameters :

b
2d’y dy __
T +xa—y—x e*

x

Solution To find out the complementary function we will first solve this equation

2d%y

da®

x + x%—y =0 ------(D which is Homogenous

Equation of second order therefore substitute

z =logx =x = €%, we obtain
d

{D(D—1)+D—1}y=0whereD=d

|

- y = aez _l_ be—z = ax + bx_l ______@
~ C.F.=ax + bx~* where aand b are constant.

Suppose the complete solution of given equation is
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Q.10

Solution

y =Ax +Bx 1, z—i’ =A4—Bx *+ A4,x + B,x~" where A &B are function of x

Suppose A, x + Byx ™t = 0 -------(3) then £ = A — Bx 2 and

€Y — 4, —Bx?+ 2Bx7?

da’

Now substitute the value of y and its derivative in given equation ZT} T A

& da xt
We obtain 4, —B,x ™% = ¥ -------—--(@)
From equation (3) and (4)

_dA _ 1 dB

-1
A= ~e* and B, = — = — x’e*
da 2 da 2

On Integration 4 = % e*+c,and B = _Tl [x%e¥dx + ¢, = _Tle“(xz —2x+2)+¢c,

Therefore the complete solution of given equation is

y = (%ex +cl)x+ [_?le‘“(x2 —2x+2)+c,|x7t

Cz &
=cx+—+e* ——
x b

Solve by the method of variation of parameters

)

x? %—2x(1+x} j—i+2(1 +x)y =23

The given equation in standard from is written as

diy  2hx) dy o 2e)
da’® & d.x+ at Yo§ X @

For find out the complementary function we will first simplify this equation

diy _ 2(4w) dy o 2(4x) o

da” x dx &’ y 0 @
2 (14x) 2(L+x)

Here P = ——=—— and Q = —

Here P + Q.x = 0 therefore y = x is a part of C.F.
Suppose the solution of equation (2) is y = vx --------©)

Now substitute the value of y and its derivative in equation (2) we obtain

O 2% = Q@ 0r (D? — 2D)v = 0 Where D = =

dac® da da

2 9
sv=ae”™ +be®™ =a+ be™
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Therefore the complement function of given equation will be

y=(a+ be*) x=ax+ bxe*™ -——---®
Where a and b are constant. Again let the complete solution of given equation is
y = Ax + B. xe** -----—-----—---(6) where A and B are function of x

dy

“ o= Ax+ Bxe™ + A+ Be™ + 2Bxe™
X

Suppose A,x + B, xe® =0 -------mmeeeo- (D)

Then % = A+ Be®® 4+ 2Bxe®™

And :% = A, + B,e*™ + 2Be* + 2xB, €** + 4Bxe™
Now substitute the value of y and its derivative in equation (1), we obtain
A+ B (14 2x) e* = x ----------------(8)
Now solve equation (7) and (8), we obtain
dA dB _ 1 _ag

-1
Al—E—TandBl—E— e

After integration we obtain 4 === [dx +¢, = —x +¢,
— 1 —2x o il —2a
AndB=-e"dxtec,=— e *+ec,
Therefore the complete solution of given equation is y = (_—lx + cl) x +

-1 _9 2
(—e il +cz)xe“x

4
Q.11  Solve by the method of variation of parameters
(x+2) S —(2x+5)Z +2y=(1+x)e*

Solution The given equation in standard form is written as

da” a+2 da a+2 a+2




%W&? EThereke Fevrede

For find out the complementary function first we solve given equation :

dty 2545\ dy 2 _
dat (.x+2) dx+x+2'y_0 ©
2x+5 2
HereP=—(x )andQ=—
x+2 x+2

Here 22 + 2P + @ = 0 therefore y = 2 will be a part of C.F. suppose the solution of
equation (2) is y = ve?* -----------(3)

Now substitute the value of y and its derivative in equation (2) we obtain

N )

k' a+2 da

. dv di*v  d
Again let £ = pthen =2 =22
da da* da

2x+3

P=0
x+2

Therefore from (4) :—Z +

or = g2}
On integration log P = log(x +2) — 2x + loge
~P=a(x+ 2)6_2“

:>E =a(x+2)e ™

o

Again on integration v = —a = (2x +5)e ™ + 8
Ly = {% (2x+5) e™2 +,3} o 2%
Ory=a(2x+5) + b €2 cceceeen-(9)

Where a, b are constant a = — b = B

Again suppose the complete solution of given
equationis y = A(2x +5) + Be** -

where A and B are function of x
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:—i =A4,(2x+5) + B,e™ + 2a + 2Be™

Let 4,(2x +5) + Bye®™ =0 ----remmemee-(D)

Then® =24+ 2Be®,“Y =24, + 2B, e’ + 4Be?
da da* 1 1

Now substitute the value of y and its derivative in equation (1) we obtain

1+

¢ — T X e
24, +2Be™ = —— e

Now solve equation (7) and (8) we obtain

_da _ (4x) 4
A= T iy
. -X
And 31 _ 4B _ (.I.+x‘)(2x+5")e
dax 4 (x42)"
On integration A = —f L) o g
4 (x+2)°
e B %, =L &
A= {x+2 (x+°)‘} 7~ 20t ¢

And B=f(1+x) (2x+5)e_“dx=£ f{z_i_ 1 }e'xdx

4 (x+2)" 4 a+2 (x+2)*

B=£AAV{L—2}+C2

4 x+2

Therefore the complete solution of given equation is

e =X

Y= {_%-‘_ Cl} (2x+5)+ {T(L— 2) +cz} e

x+2

ory= c,(2x+5) + c,e’™ — e*

Q.12 Solve ng—z;r(l +x)z—z+2(1 +x)y =3

Solution The given equation in standard form is written as

if—i (1+x)2—i’+

2(1+4a)
da y

= X =-mmmmmmmmmmme- (1)
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2(1+x)

x:

HereP=_?2(1+x)Q=
Here P+ Qx=0 =~ C.F.=x

Complete solution y = vx

dy duv
dx dx

gy _dvy  dv dv
And dac® da + x da® + da

Substitute the value of y, Z—i and ZTy in equations (1) we obtain

2dv xd v 2

da da® &

X=X

(14+x) (v + x

dv) +2 (1+a)
— —0
da

z

Ol’xd‘::v+% (2—-2-2x)=x

it v 2dv
e IS\
da* dx @
dv d*v _ dp
let—=P ,—=—
da da* da

From (2) %—2P =1

here |LF. = ¢ 726% = =2 p o2 = fe_zx.ldx

-IX

-2 —-e
or Pe ¥ = —te
dv -1 25

dv = (_71+ 6162“) dx
On integration v = _Tlx +2e™ 4,
Therefore the complete solutionis y = vx

"1 2,6 2x
y=x +?xe +c,x



85 %W&? EThereke Fevrede

dy _ d“y
Q.13 Solvexa—y—(x—l)(m—x+1)
Solution The given equation is
dy _ _ ﬂ_ 432
x -y =(x—DF - (- 1)
d'y dy _ 2
Or(x—l)ﬁ—xz+y—(x—l)

aty x dy 1
Or_}___} —

. =3 T F—
dac™ x—1 da a—1 y @

—__x :L- ==
Here P = L = +P+Qx=0

~» C.F.= x complete solution y = vx

dy dv at y dv dt v dv
— =X v, l,—=— — X by
da da + ' dat da + da” + da

Putting the value of v, Z—i % in equation (1)

PR —(L) (v+xﬂ) + = vx=x—1
d x—L

&

f:_wc—ln.)d
J.F=¢glx x-1 x — eZlo_gx—.xHog (x—=1)

P %= f ie'x(x— Ddx+ ¢,

a—1

=—x?e¥+ [2xe ¥ dx+ ¢,

z

X

"x—1

e =—x%e*—2xe ¥ —2(e™¥)tec
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86
= (x— 1) —2 (L) _ o () aleD &
P=—(x—1) 2(x) 2(x2)+ €
_ 2 2,2 fL 1
dv=[—xtl 24224 St cev(P- )] ax
& & & e &
On integration
v=_fh—x——+cl—\+co y =uwvx
y=_T—x“—2+cle“+cqx
rlly dy _
Q.14 —a — 2tanx—_-+ 5y=0
Solution Here P = —2tanx @ =5 R=20

1 A 1 .
Let u = e_EJPd"‘ — e—;J—Zta.uxdx

u = secx--—-—-—-©Q

» complete solution is y = vu

a” v

da®

Substitute the value of y, Z—i in equation (1)

Its convert this equation ZTL FI V=5 (3

1dp

2 da

o 1 A
Where I = ¢ — =P? —=£ 5 = Rez 1P
I=5-2 (4tan’x) — = (—2sec?x)

4 2
OrI=5—tan’x+ sec’x =I=6 and 5= 0
From equation (3) ZTL +6.v=0

OrD 4+6v=0AE=m>+6=0=m=+i/é

~CF. = clcOS\/gx + czsin\/gx
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P.I.=0
v = clcosﬁx + ¢, sin \/gx
~» complete solution will be
y = vl = Secx (clcOS\/gx + ¢, sin Véx
dly 2 dy al _
Q.15 Solve at- o tzy=0
a

Solution Here P =§ Q=

R=0

4

B

Changing the independent variable from x te z the above equation will take the form

‘:??' + P'l ‘;—i'., + Q-_Ly = Rl --------__@
d-z dz
Where P, = dx:;pzdx 0, = ;j ;
(& (&
R
R, = =+
(%)

Now z will be chosen in such a way that

. 2 p

2 A dz 1
LN — = (—) = ==
xd n da x*

M
(G

iz 1 . 1 -1
» — = —and on integration z = —x

o o

. —2x 5 tox tat
Aginp, ——=—"—"—=0 R, =0
ar

Fromequation (2) 2 + a?y = 0

dz”
Or(D*+a®)y=0

AE =m’4+a’>=0 =m

C.F.=c,cosaz+ ¢, sinaz

9 N
=—n " =m= tai
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Therefore the complete solution will be

a ' a
= ¢,c08— — ¢, sin-
y e

d’y dy
Q.16 Solve ﬁ+(1—cotx)——ycatx
Solution  The given equation is =% + (1 — cotx) = — yeotx = sin®x --------=(1)
Here P =1 —cotx and @ = —cotx

Here I — P+ @ = 0 therefore y = ¢ will be a part of C.F.

Let y = ve™* is complete solution of (D

dy e T -
= e
dx fda

dt — div . do b
And 2L =g ¥ 22 _ g 250 4 pew
da* da* da

Now substitute the value of y, %% in equation

it v

— — 1+cotx——e sinx
L2

. dv ‘v dp
Again suppose i =p—==

! dat da
From (2) £ — (1 + cotx)P = e¥sinx --r-mmremeeeeen@)

Which is linear differential equation in P whose

ILF. = exp.{[ —(1 + cotx)dx} = exp.(—x — logsin x) = L

gina

= solution of equation (3) will be

[ sinxdx + ¢, = —cosx+ ¢,
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dv : ,
== —sinxcosx. e* + ¢ sinx. e*
X

= _Tlsin?.x. e* + ¢ sinx. e*
Again by integration

-1 A i . .
v=—]¢e*sin2xdx+e¢ | e*sinxdx +c,

e*(sin2 x — 2cos 2x) -I- —e* (sinx —cosx) +¢,

U'lll—“

-1
v = -
Therefore the complete solution of given equation is y = ve™*

=- % (sin2x — 2cos2x) + %cl(sinx —cosx) + c,e”

Q.17 Solve (1 + x)z S+ (1+ x) +y 4 coslog(1+ x)

Solution The given equation in standard form is written as

at y 1 dy y __ 4coslog(l+a) ____________@
da 1+x dx  (L4x)f (1+a)*

= el = & CORURGEY
Here P = 2 VIS (L4a)

Changing the independent variable from x to z the above equation will take the form

Y + P + Q,y=R, e )
&'z dz
= R
WhereP1=d‘—:d‘",Q1=L:R1= ;
(%) (&) (=)

Now z will be chosen insuch a way that @, = 1 (constant)

1/ (L+x)* iz

Q= (dz): L === F on integration z = log (1 + x)
dx
Again p, = —Grfaselive _ g

(%)
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And R, = W (ﬁ)_z = 4coslog (1+ x)
Substitute the value of P, @, and R, in EQ. (2)
i‘: +y =4coslog (1+x)or(D?+ 1)y = 4 cosz where D = i
AE=m*+1=0=>m=+i
+» C.F.=cecos(z+¢c,)
Again P.I.= ﬁ 4cosz = 4‘.? sin z
=2zsinz:y=ccos(z+c¢,) +2zsinz
=¢ycos {log (1 +x) +¢,} +2log(l +x) Xsinleg (1 +x)
Q.18 Solve Z‘Tf + (tanx — 3 cos x) Z—i + 2y cos?x = cos*x
Solution: Here P = tanx —3 cosx ,Q = 2Cos® xR = cos*x

Changing the independent variable from x to z, the above equation will take the form

dy d
——= LA Ol RN — e 2D
E"’ k @ R
Where R, =& & g = < 'R =
(&) (%) (%)

Now z will be chosen insuch a way that @, = 2

2 cos & iz
| = — = 2=— = Cosx
Q'L (E - 7 dx
. —ginx+(tan x—3 cosx ) cosx
Again P, = = —3

cos” x

4
cos X 2
And R, =—— =cos°x
cos“ &

Substitute the value of P, @,, R, inequation @

d’y dy
_— — 3 -
dz* az

+ 2y =cos’x
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Or(P?—3D+2)y=1 —sin’x =1—z>where D =

n.ln.

3]

AE =m?—-3m+2=0=m=1.2
+» C.F.=cie® t+c,e™®

-t _ 2
AgainP.1. oD (BD (1—2z°)

— D)t (1 — :i)_l (1—2z2)

I
M| R
o

M| R

Ha+o 0+ ) (142424 )la- 29

ra||—

{1+ D+ID%+. }(1—22)

Nlll—

=H{a-+i 20+l )
= - i (2z°+ 6z +5)
y=rce% +c,e*® —% (2z°+ 6z +5)
y =c,e5™ 4 ¢, e — i(?.sinzx + 6sinx +5)
y y 1 1 6 o
Q1Y S+ o dx+(m—m——z)y—0
Solution Here P = 1/3 Q= —z——7m— R=0
u = exp. {—%dex} = exp. {—% [ i—a;s}
= exp. (——xz/g)
Substitute y = »u in given equation then its convert
dt v
—+ =50
da*
'7 .Ldp

Wherelzq—% S —=

2 da
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Q.20

Solution

) = xi and S=Rexp. {3

2

1 1 6 1 1 1 1
3x4/3

I pdx} =0

Therefore form (1) ZTL —xi_ =20

Or x? =% — 6v = 0 which is Homogeneous
Linear differential equation substitute z = lege®
Orx = e*

{(ID(D—1)—-2}p=e*

d

Or(D?*—D—2)v=e** where D = y

3}

AE =m’—m—-2=00r(m+1)(m—2)=0
=m=—-12 =2CF.=cx *+c,x*

1 622 1 2z
(D+2)(D-2) (2+1) (D-2)

AgainP.l. =

8-2 _ g..z 1

3 (2+1-2)

1 =
— eZHIZ
3

5 o &t 109

_" 10, L 9
= sU=cox Tt ext

3

Therefore the complete solution of given equation is

x7109x
3

y=vu= (clx_1+c?_x2+ )109;\:

Solve by using the method of undetermined coefficient

%+ 2x%+(x2+ S5)y==x

—x:/:

Here P=2xQ@=x>+5and R =¢

> [ pdx

Takingu =¢ -

—xt /2
ex/h

For the removal of the first derivative and substituting y = uw», we get
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e Ly =5 cmmeeee(D)
[
p . 1 A
Where /=@ —=p?—22 =4 o perirdx
4 2 da

Hence equation @O in its new form is
LL 4 4y = x ermememe (2)
da” veX
Its complementary function is C.F=c,cos2x + ¢, sin2x
For the particular integral we take v = 4, + 4,x and we obtain 4, = 0,4, = f
Hence the complete solution is given by
X
v = c,co0s2x + ¢, sin2x +Z
Therefore

y=up=e ¥ /2 [clcos2x + ¢, sin2x + :ﬁ] is the required solution of given equation.

Multiple Choice Questions
Q.1  For the differential Equation % +p Z—z + @y =R here C.F.= e*if

AI+P+Q=0 B)I—P+Q=0

(CP+Qx=0 D)I+P—-Q@=0

3

Q.2  Differential Equation d—:’ + I.7 = § herethe value of | =2
o x~

1 2 1dP 1 2 . 1dP
1 .2 1 dp 1 2 1 dp
(C)Q_ZP_EE (D)Q+ZP +ZE
Answer (C)
1

Q.3  The value ofm (—2z) =2
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A= B = ©)= (D) ==
Answer (D)
1 2z _
Q.4  The value of(D+2) -2 ¢ ?
(A)éiezz.z (B) iez"'z (C)iezz.z2 (D) e*%. z
Answer (A)

Q5 %+P%+ Qy =Rhere C.F. willbey = x if

AI+P+Q=0 B I-P+@=0
C)P+@x=0 (D) None of these
Answer (C)

1 .
— (— =7
Q.6 The value of P (—3 sin2x) =7

(A) sin 2x (B) cos 2x (C) 3 cos2x (D) None of these
Answer (A)
Q.7  The value Ofﬁr sinx =7

(A) %xzsin x (B) %xzsinx ©) éxzcosx (D) gxzsinzx
Answer (B)

Q.8  Thevalue of (D — 2) sinx =?

(A) cosx + 2sinx (B)sinx — 2cosx
(C) cosx — 2sin x (D) cosx-2 cos x
Answer (C)
Q.9  The value of R=7 for the following differential Equation % +§ Z—i + :—4 y=0

(A)0 ®)2 ©% (D) L

Answer (A)



95 %W&? EThereke Fevrede

d* y 1 dy 1

Q.10 For the differential Equation atas tamy=0 here IL.LF. =?
(A) exp. (Z x2/3) (B) exp. (2 x‘2/3)
(Cexp (Z x2/3) (D) exp (‘f x2/3)

Answer (D)
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Unit-5

Partial differential equations of the first order, Homogeneous
and non homogeneous linear partial differential equation.

Partial differential equation

Definition :- Partial differential equations are those which contain two or more independent
variable. Partial differential coefficient of

Let x, y be two independent variables and z be the dependent variable. i.e. z be the function of x
and y both. The derivatives of z with respect to x and y will be called the partial derivatives of z
denoted by

0z 0z 8’z 9%z 9’z
dx 0y dx2 9xPy’ dy?

Here the notations, we will adopt

oz 8z 8tz 8 z 8tz
P =— = — = — 5 = —
4 ) 1 xdy By”

The order of the highest derivative of the dependent variable appearing in the equation is called
the order of the equation.

Partial differential Equation of first order :- A differential equation in which only the first order
derivatives appear will be called a partial differential equation of first order.

Eq. @ xa—z+yaz=nz

dx 5

8z 2 8z’ _ 2
@ G)-G)=m
First order Partial differential equation in two independent variables :-

A first order P.d.e. in two independent variables x,y in its general form is given by
flx,y,z,p,q) = 0 (1) where fisaknown function of its arguments.

(@) Non linear partial differential equation of first order — If the function f is not linear in P
and g the equation (1) is said to non linear p.d.e.

eg P?—q* —1--—--©®
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(b) Quasi linear P.d.e. of first order (Lagrange’s equation) :- If the function £ is linear in P
and ¢ but not necessarily linear in the dependent variable z the equation (1) is called a
quasi linear p.d.e.

It writtenas P (x, y, z) +Q(x v, z)— =R(x,y,2)

Or Pp+ Q4 = R --— (3 where P,Q,R are functions of x, y and z.

(b) Linear Partial differential Equation of first order :- A linear p.d. e. of first order is of the
form:

P (x, y) + Q(x, y) =R, (x,y)z +R,(x,y)

P (ny)P + Q(ny)[Z = Rl(ny)Z+ Rz(x, y)
Where P, ¢ and z all appear linearly with P, @, R, and R, all function of x and y only.

Charpit’s method :- the general method of solving the partial differential equations of
first order linear or non-linecar in two variables in commonly known as charpit’s

method.

dP dq dz _dx dy df
of . ,9f of, 0f _,0f _8f _of of O
oz TF 22400, N5z 0. B dlor, . cNF 34

This equation is called characteristic equation or charpit auxiliary equation of the
differential equation F (x,y,z, P, ¢) =0

Linear partial differential equation with constant coefficient :- The general form of the
L.P.D.E of n" order is

Atz 8"z ANz
(AE’ax_ﬂ-l_Alaﬂla Tt A )

nan

an-1 an-ig an-i,
n—1 Byﬂ_l) +

z
0 5,n-1

+ B,

laxﬂ—:ay +--+B

+(s
(MDB +M,— )"'+Nozzf(x;}7) - (D

where 4,4, Ay, A, ... A,; By, By, .....B

n—1"1

My, M, N, are either constants or functions of x and y.
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If the coefficients 4,..... N, are constants then equation (1) is known as linear partial
differential equation with constant coefficients or briefly its can be written as

F(D,D)z=f(x,y)- @  where D = :—x D'~

)
3

The solution of equation (2) consists of complementary function and particular integral.
The complementary function is the solution of F(D,D')z =0 containing n arbitrary
functions. Particular integral will be the solution of (2) not involving any arbitrary
function.

Homogeneous Equations - A partial differential equation is called Homogeneous if all the
derivatives appearing in the equation are of the same order or it is of the form.

Q.1

Solution

Solve x(y%2 + 2)p — y(x? + 2)g = z(x* — y?)

The given equation is in the form of Pp+Q@z=R where
P=x(y*+2z), Q@=—y(x’+2), R =z(x*—y?) lagrange’s auxiliary
equation of given equation will be

dx _ dy . dz
x(y1+z) o —y(x!‘ +z) i z(zl —yl) ----- (1)

Taking x, y, —1 as multiplier we obtain

dx i dy i dz __ zdx+ydy—dz
x(y1+z) —y(:x:1 +z) z(xl —y‘“) (1}

=xdx+ydy —dz=20
On integration x2 + y% — 2z = ¢, -——-—--(2)
Again taking 1/x, 1 /v, L/z, as multipliers we obtain

dx/x+dy/y dz/=z da dy dz
e S =
0 & 4 =z

On integration logx + legy + logz = logc,
S XYyZ = Cz
Therefore general solution of given equation will be

p(x?+y?—2zxyz) =0
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Q.2

Solution

Q.3

Solution

Find the complete integral of the following partial differential equation.
Pxy+ Pg+qy=yz
here f(x,v,z,p,4) =Pxy+Pg+ qy—yz=0 - D

» Charpit’s auxiliary equation will be

ip dq iz o dy

py-py  (pat+g)-ay  —Play+g)-a(P+y) —(xy+q) —(P+y)

From first term dP = 0 or P = ¢, substitute the value of P in equation (1) we obtain

C;ny+ lel + qay —yz = 034 — y.i:il;gy

And dz = Pdx + qdy

=dz=c;dx + wdy

c,+y

Or (dz — ¢,dx) = “:;_I_C;X) d

Ord..—cldx: ¥ dy=(1— ) )dy

Z—cyx ety e,y
On integration log(z —¢,x) = y — ¢, log(e, + y) + ¢,
Orlog (z—c,x) (¢, +y)% = %% = ¢ e
Which is complete integral of given equation.

a'z 8z 8z
1

Solve PR + ?Sy = w = ycosx

The given equation in symbolic form can be written as

D?*+ DD'— 6D'*)z= ycos x

Here auxiliary equation willbe m? + m — 6 =0 =>m = —3,2
CFR=Z=¢(y—3x)+¢,(v+2x)

Particular integral will be given by

_ 1

Z= pripp—ep® (YEOSX)
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Q4

Solution

_ 1
~ (p+3D)(p-2D" (yeosx)
= (D+;;D') [(e, — 2x) cosx dxwhere ¢, = y+ 2x]

_ 1

= [(e; — 2x)sinx — 2 cosx]

= ﬁ [ysinx — 2 cos x] [substituting the value of ¢,]

=[[(c, + 3x) sin x — 2cosx ] dx where (¢, = y — 3x)
=—(e¢, + 3x) cosx +3sinx — 2sinx

=—y cosx + sin x substituting the value of ¢,
Therefore the completed integral will be

z=¢,(y—3x)+ ¢, (v+2x) —ycosx+ sinx

3z 3z
Solve x? ) —yz W =xy

Substituting x = e* and y = ¢% so that

B 4 b
X a:D, X E: _D(D 1)
0 S 28 _ ol
y a:y e D ’ y a},z | D (D 1)

Where D = % and % = D' the equation is transformed

In[D(D—1)—=D'(D' —1)]z= e**
Or(D—D)D+D' —1)z=¢e""
Which is a linear Equation with constant coefficients.

z=¢(utv)+e* p,(u—v)

¢, (logx + logy) + x¢,( logx — logy)

filxy) +x f; (i)
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. . _ 1 w+v
Particular integral = ——~————
1 u+v 1 utv

O-p)(14i-1) © o-0) ¢

=u. et = xylogx

Thus the complete solutionwill be z = £, (xy) + x £, (f) + xylogx
Q.5 Solve by Charpit’s method :

2xz— Px*—2qxy+ Pg=0

Solution  Here f(x,y,z,P,q) = 2xz— Px* — 2qxy+Pg =0 --—-D

Therefore charpit auxiliary equation will be

apP _ dg _ iz _ dx __ dy
af 3F T ¥ _aFr T __8F 8F T ¥ T B
axPez a3 Peptas, apP EP;

dap _dg _ dx _ dy __ iz @
2z-2gqy 1} x°—g 2xy—P Px* +2xyq—2Pg

Fromthe second termwe have dg =0 =g =a

Substitute the value of g in equation @

2xz—Px?*—2qxy+ Pa=0 =P = 2:(:'—%')

Substituting the value of P and q in dz = Pdx + gdy

We get dz = &:zy) dx + ady

&

dz—ady _ 2xdx

z—ay x"—a
On integration log(z — ay) = log(x®> — a) + loge =z— ay =c(x* —a)

Which is complete integral of given equation.
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Q.6 Solve (y%2 + 2z — x*)p — 2xyq —2xz =0
Solution  The given equation is in form of Pp+Qq=R
where P = y? +z? —x?,Q = —2xy R = —2xz
Lagrange’s auxiliary equation of given equation will be
fdx _dy _ d=z e
yi4zi-x®  —2xy  —2az @
Taking last term of Equation D
% = % on integration logy =logz + lege, =y/z = ¢, -2
Again x, y, z as multiplier
From (1) _ d."x _ = ay — [<§-4 — xdx+"yd;>:+zd"z
y° 4zt -t —2xy  —2xz  —a(atHyt4=t)
From last two term
E _ 2xda+2ydy+2zdz
z 2% 4yt 42"
On integration logz = log(x* + y* + z* ) —log ¢,
l.l (x: -'-b': +z:) Cz
=z
Therefore the general solution of given equation will be ¢ (%g )
Q.7 Find the surface passing through the two linesz=x =0andz—1=x—y =0
and satisfying the differential equation r —4s+4¢ =0
Solution  The given Equation in symbolic form can be written

as (D? — 4DD"+4D'?)z =0 —(1)
Here the auxiliary equationwillbe m? —4m +4 =0 =2(m—2)’=0=m =22

Therefore the general solution of given equation will be z=¢,(y+ 2x)+
xp, (y + 2x) -(2)

Since Equation (2) passes through the straight lines z = x = 0 ---(3) and
z—1l=x—y=0--(4)

Therefore fromequation (2) and (3) we obtain ¢, (y + 2x) =0 ------- (5)
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Therefore fromequation (5) and (2) we get
2= x §,(y +22)—(6)

Now substitute z = 1 & y = x inequation (6)
Wegetl=x¢,(3x)= ¢,(3x) = 1/x

Substitute 3x = t we get ¢,(t) =3/t

= ¢, (x+y) =2 e (7)

2y

Putting the value of ¢, and ¢, fromequation (5) and (7) in equation (2), we obtain

3
Z = x(
2x +y

) or3x =z(2x+y)

Q.8 Solve——4~—z= :—f

¥l

Solution  Here the auxiliary equation is

(D? —4D'?)z = ;—f—l.

AE =m? —4=0=m=2,—-2

CF=¢,(y +2x) + ¢,(y — 2x)

Again P.l. =—— (“i—i)

4D \y" e

B _ W Ly G (*_w _ 1)
T (D-2D')(D+2D')  \yF &t

= %8 f { 2% cl:““} dx [where y = ¢, + 2x

D-2D' (cq4+2x)"
:D—lzo’ f {clj—‘z.x B (cii-czix): B ;_:_ az_c} dx
= 12 [log (cl+2x)+ hx)+i—1—210gx]
PR [logy prE YR logx] [~c, =y—2x

= f [log (e,—2x) +1 —cz_xh +%— 2— 210gx] dx [~where y = ¢, — 2x
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=f [log (cz—zxj—cz_qu+%—3 —2logx] dx
=x.log (¢, —2x) + f%dx — [ z_qu dx + c,logx —3x — 2 {xlog x —
xx2 dx
=xlog (¢,—2x) + (¢, —2x)logx —3x + 2x
=xlogy + ylogx — x
Therefore general solution of given equation will be
z=¢, (v +2x)+ d, (v —2x) + xlogy+ ylogx — x
Q.9 Solve pcos (x+y)+gsin(x+y) =z
Solution  Here P = cos(x+y) @ =Sin (x+ y) and R=z

. . . d d dz
So subsidiary equation will be ———— = —2%__ =22
cos(x+y) gin (x+y) =
First two terms gives
dx +dy i dx—dy
cos(x+y)+sin (x+y) cos(x+y) —sin (x+y)

Or —sin (x-l-y)+cos(x.+y)(dx+dy) R dy
cos (x+y)+ain (x+y)

Integrating
log {cos(x+y)+sin(x+y)l=x—y+loge

Or[cos (x+y) +sin (x+y)]e¥ ™ =¢, -~ D

. dx +dy _ dz
Agam cos(ax+y)+sin (x+y) Tz
<% ek [
Oor —~ = ==
JZ_{E cos (.x-l-y)+ﬁ gin (x+y)} z
<& ek (<-4
Or — 27y _ _ 52

(et ] =

Integrating \/l—? logtan [%+ g] = logz + loge,
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Ortan [Z2 4] 277 = ¢, (i

2

Hence the general solution of given equation will be
[{cos (x4 y) + sin (x+ y)1e¥ ™%,z V7 tan {¥+§}] =0

Q.10 Find the complete integral of the following equation by harpit’s method.
Pig?—2px—2qy+2xy=0

Solution  Here f(x,y,z,p,q) = P?+q% — 2px —2qy + 2xy = 0 --- (1)

Therefore charpit auxiliary equation will be

dp _ dgq _da  _ dy
—2p+2y -2q+2x 25—2p 2y—2q
ap dq da dy
orff = 41 - & &

y—p x=p x—p y—q

dp+dg _  dx-+dy
xty—-p-q xty-p-q

dp +dq = dx + dy
Onintegrationp+g=x+y+a

Or(p—x)+(q —y) =a--———-(3)

Equation (1) can be writtenas

(=2’ +(g=y)=(x—-y)a-————-(4)
Substitute p —x =P and g — y = @ inEq. (3) and (4)
We obtain P + @ = a -----------—-----(5)

P?+ Q% = (x— y)? - (6)
~(P—@)?=P*+Q*—2PQ

=P+ @ —{(P+@)?* —(P*+ %)}

=2(P*+@Q*) —(P+@Q)°

=2 (x —y)? —a?
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2 P—Q=+/2(x—y)2— a2 -—-(7)

Again by equation (5) and (7) we obtain

P=§ [a+2(x—y)?—a’]=p—x

And Q=§[a—\/{2(x—y)2 —a’}]=q—y

p=x +$ [a+{2(x —y)? — a?}]

q=y+3 [a+/2GE—y7—a]

Substitute the value of p and g in dz = pdx + qdy we obtain

dz = (x +%a) dx +(y+$a) dy+$\/{2(x—y)2 — a?} (dx—dy)
Or2dz= (2x+a)dx+ 2y +a)dy ++/(t? —azjj—;

On integration we obtain [ taking \/2(x —y) =t

ct+2z=x+ax+y? +ay+\% [%t t? —a? —%azlog {t+ (t* — a?)}

where t = \/2(x — y)

Q.11 Solve (D> —DD' — 2D'*)z=(y —1)e*
Solution  Here the auxiliary equation is
m—-m—2=0=m= 2,—1

2 CF=¢(y+2x) +¢,(y —x)

Again P.I.=m {(y—1)e*}
= 1 —1)e®
~ (D-20") (D+D") ((y = De”]

= (D_J'-ZD’) {(Cl +x— l)exdx} [Where y=c + x
1

= [(c, +x —2)e*]

D-2D'
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= [(y—2)e*] [ ¢, =y — x]

= [(c, — 2x —2)e*dx where y = ¢, — 2x
Pl =(c, —2x)e* = ye* = ¢, =y +2x

Therefore z = ¢, (v +2x) + ¢, (v — x) + ye*

Q.12 Solvep+g=x+y+=z

Solution  The given equation is in form of Pp + Qq = R
WhereP=1@Q=1andR=x+vy+ =z
Therefore Lagrange’s auxiliary equation will be

de __dy _  dz @
1 1 x+y+z

From first two term we have dx — dy = 0

On integration x — y = ¢, -----@

Again from last two term we have

dy iz dy dz

1s xa+y+z 1 L, +2y+=

dz iz

b c, +2y+z :d—y—z =c, +2y -0

Which is linear equation in x and y whose I. F. = el "1y = =¥
rzeV=[(cg+2y)eVdy+tec,

=(e,+2y)(—e™)— [2(—e™)dy + ¢,
=(—e™)(e,+2y)—2¢¥ + ¢,

—e Y (x—y+2y+2)+e¢, [from(2)]

e (x+y+z42)=c,-—---(4)

Therefore general solution of given equation is

plx—ye”(x+y+z+2)]=0
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Q.13 Solve (D2 — DD’ — D' — 1)z =sin(x + 2y)

Solution  The given equation can be written as
(D+1)(D+ D' —1)z=sin(x+ 2y)
2C.F=e"% (y40.x) +e%¢, [y + (—1)x)

CF=e"¢(y)+e*p,(y —x)

AgainP.l. = ﬁ sin (x+ 2y)

P.I.= _(+1):_11I2+D,_1sin(x + 2y)

P.1. :D,l—_* 1; +4‘51n(x + 2y)

P.1. —DD/LS sin(x + 2y) = (q)_ —zsin (x +2y)

P.l.= % {2 cos(x+2y) + 4sin(x + 2y)}
Therefore general solution of given equation will be

= & ¢1(}7)

Q.14 Solve x? ——yzzf x%—ya—;=lagx

Solution  Suppose x = e* =u = logx
And y = e = v =logy
Using these substitution the given equation can be written as
(D(D—1)—D'(D'=1)+D—D'}z=u where D = -
Or(p?*—D'*Nz=u

Or{(p-D") (D+D)}z=wu p=2

CF.=e ¢, (v+u) +e"*¢,(v +uw)
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=¢,(logy+ logx) + ¢, (logy — logx)
= ¢, {logxy)} + ¢, {log(y/x)}

C.F.=f, (xy)+ fo(yx)

. 1 1 D -
AgalnP.I. =Wu=0_1(1__1) 7

)

1 p'* 1
=g (14 r e Ju=gru

(logx)®

Therefore general solution of given equation will be z = £, (xy) + f5 (%) +—

Q.15 Solve the following equation by charpits method (p%+ q2) Y = gz
Solution  Here f(x,y,z,p.q) = (P’ +q*) Y —qz=0 (1)

Therefore charpit auxiliary equation will be

dp __  dg dz _dx __ dy _ dF
dF, 9F — BF, OF — "PBF 9F — BF — BF T
a8 fut’ Sl ey - T, TS hut’ =LAl 1)
ox Poz 3y T3z p Jag op 3q
apP o, dz dx dy
Or _— —? = = — = = 4 -----@
il p- —2p*y-2q*ytqz  -2py  —2qy+z

Taking first two term we have

Pdp + qdq =0

On integration p? + g2 = a?--—---—------Q)
From1 and 3, Eliminate the value of P, we have
a’y—qz=0 =q= (a’y/z)

Putting the value of g inequation (3) we have

4, =
a'y 2 _ o

PP+ =a’=2P==7"— [z —a’y?
=z z

Substitute the value of P and q in dz = pdx + gdy
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dz =‘Z—L\/z2 —a’y? dx+% dy

On integration

(22 —a?y)Y?  =ax +C

= z?—a’y? =(ax+ ¢)? --—------—---(5) which is required complete integral
Put ¢ = ¢(a) inequation (5) we have

z? — a’y? ={ax + ¢(a)}* which is generalized integral of given equation.

Q.16 Find complete integral of given equation
Z2(p+q) =2 +y*

Solution The given equation can be written as
z’p—x? = y® — z%q = a (Suppose)

a+x® yz—a
= By aild. =

zZ

Now dz =Pdx + qdy

atax’®

Z

dx +2 32 dy

—z%dz = (a+x%)dx + (y* —a)dy

On integration % z3 = ax +§ x3 +§ yi—ay+b
—z3 =3ax — 3ay + x3+y? + c where ¢ = 3b

Which is required complete integral of given equation.

3z otz alz 2 .
Q.17 Solvem—axay—6a?—x sin (x+y)
Solution The given equation can be written as

(D?—DD' —6D'?)z=x"sin(x + y)
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Or(D—2D")(D+3D')z= x?sin(x + y)
~CF.=e"¢ (y+2x) e®¢,(y— 3x)
CF=¢,(v+2x)+ ¢,(y — 3x)
PI=IP. o [x7ei@ )]
D*-pD'-6D'"
= P ¥ —— x2e®
D*+Di-6i"
— iy ix 1 2
P € Drr+(H) ite
= I.P gilety) T 42
Df +3iD +4
gl (X+1) p*+3ip) L,
= IP= {1+ - } (x2)
_ e X1 D*+3iD | (DF+3iD\’ 4y
= IP {1— ) —---..}(x)
_ el X+1) A, 5 N, s
= |.P. { —T—f—ED + (x )}
_ I T 3: 13
= | ’ {x —:—ZX—EZ}
4 1 R 2 13\ 3x,
= |.P. ;{cos(x + ) +isin(x+y) X (x —?) — 71}
1 13\ 3%
= ;[(xz —?) sin(x +y) — ~ cos(x +y)]
Therefore general solution of given equation will be
1 13 3x
z=¢,(y+2x) + ¢,(y — 3x) +Z [(xz — E)sin(x +y) —?cos(x +y)
Q.18 Solve the following equation by charpit’s method : p2x+ q%y—2=0
Solution Here f(x,v,z,p,q) =p°x+q°y—2 =0 --—-(1)

Therefore charpit auxiliary equation will be
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dp _dqg __ dz _ dx dy

-p+p* -g+q° -2(PPx+q y - —2px -2qy

pf dx+2pxdp — q:dy+2qydq

Pix q-y

d(P:x) — d(q:y)
Pt qty

On integration leg( P%x) = log( q°x) + loga
= P’x =a q°y--—-(2)
Fromequation (1) and (2) we have

aqg’y+ q'y—z=0

. /2 oz V12
=4 _{(a+1)y} &P_{(l+a)x}

Substitute the value of p and g in dz = pdx + gdy we obtain

dz={ = }1/2dx+{ = }l/zdy

(1+a)x (a+1)y

[<5-4 da dy
=Vita \/E\/;+\/§
On Integration

Jt+a)z} =Vax+ . [y+b

Which is complete integral of given equation.

Q.19 Solve z — xp — yq = a/x% + y? + 22 @

Solution The given equation can be written as

xp+yq =z—a+x?+y%+z?whichis in

The formof Pp + @Qq = R where

P=xQ=yR=z—ax*+y>+2z°

Here lagrange’s auxiliary equation will be
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de _ dy dz
¥y z—aq/x” +y* +2°
o ay (<-4 xdx +ydy +tedz
=2 === — = ——— --------(2)
X Y Z—a/ & +y*- +=z- 2t +yt+2f —az [at+yt 27

Taking first two term we have i—x = d?’ on integration logx = logy + legc,

L X[y = € mmmmmmmmmmeeemea=(3)

Now taking third and forth term we have

iz _ xdx+ydytzdz

z—am o (&% +y"+2")—az /o +37 +=°

Substitute x? + y? + z? = u?

dz Xl
We have = =
Z—=ai U —aZU
dz d dz+d
= == —— - (4)

Z-au u—az (1—-a) (z+u)

Now from Equation (2) and (4) we have

de _ dztdu

x (—a)(z+u)
dy _ dztdu
Or(l—a)? .
Integration (1 — a) logx = log(z + 4) — logec,

Orz+u=c,x

or .le_a)

- - - . =+ St gt
Therefore general solution of givenequationwillbe ¢ |=, =525"= Wl =0

8tz 8z 8z _
Q.20 SOIV6§+3?®+2&;7_1-+}’
Solution the given equation can be written as

(D*4+3DD' +2D')z=x+y
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Here auxiliary equationis m? + 3m+2 =0
Or(m+1)m+2)=0=m=-1,-2
2 CF=¢,(y—x)+¢,(y—2x)
. _ 1
AGaINP.1= oo (¥ 1Y)
P.l= = (x+)
92(1+%+2 D?—)
1 ap’ ap 't 1
PL=2 (1424 20)  (x+)
_1 ap’ | 2p't
Pl= 1= (2 + Z) 4+ | (x4 9)
=L _’
P.l=— (x+vy) o (x+y)
=L _E i 4 L, g
P.l== (x+y) Ds(l) —x +2xy —3=
1 2 1.3
P.l. =Xy —x
Therefore general solution of given equation will be
1 1
z=¢, (y—x)+ ¢, (y—2x)+5x2y—§x3
Q21 Solve D3 —2D2D' — DD'2+ 2D'3Z = e*™¥
Solution Here auxiliary equation is m3 —2m?* —m+2=0

Om—1m+1lm-2=0=>m=1,-1,.2

“CF=¢, (v+x0)+¢, y—x)+¢, (y+2x)

1

Again P.I. =—— o e

P.1= (D—D’;L(D+D’) {(iz)f et d4-} whereu =x+vy
Pl oo

P.l= ﬁ {(111)"r €4d4}
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-1
P.l=— - Y=
2 D-D 2 1/1

-1 =
Pl=—7xe*7

2

There general solution of given equation will be

z=¢, (y+x)+¢, (v —x) + ¢ (y+2x)—$xex+y

Q.22 Solve : D(D —2D")(D+ D')z = ™% (x? + 4y?)
Solution CF.=e% ¢, (y)+ e ¢,(v +2x) + e®* (v — x)

=¢, () + (¥ +2x) + ¢3(y —x)

1

D(D—ZD')(D+D'){€x_2y(x2 + 4y2)}

AgainP.l. =

1 2 x+2y

— 2 _a+2y 1 2
o(p-20) (p-D )X € e p(p-20) (p-D )

= P, + P,(lets suppose)

2 1 A
Now P, il D(D-4) (0-2) © ©
— L x+2y 1 2
Bl (0-10) (0-1-4) (D-1-2) "
P = g%ty 1 x2 =11 pxt2y (1+ D)‘1<1 _ z)‘l (x2)
B (0-1) (0%-9) 9 9

Plz__lex+2y(1_D+D'Z“”I)(1+§+...“)(x2)

9

P, =_Tle"+2y (1 —D +%D2 + )(xz)

=1 4oy 2 20
P, = —g%T< (x —2x +—)
1 9 9

syie®

J— &
And P, = 4e 1(1-20")(1-D

1 yz

— x+2y -
P, = de f1-2'(0'-2)(1-D'-2)

— _paxt2y 1 2
P, te (3-20)(3-0)°
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= (142) " (142) o

e (124 ) (248 )

P, = "t (1 - D' +§D’2) (y?)

b= et (32 42)

Therefore general solution of given equation will be

2= ¢, + ¢,y +20+ ¢,y — )T e (¥ -2 + )

_.x+2y 2 _ =
cet @ (vi- a4 )

— Lty 2 2
Orz==,(y) + ¢,y +22) + ¢,(y — ) = —(9x° + 36 + 2
Q.23 Solve (x—y)p+ (x+y)g= 22z
Solution The given equation is the form of Pp + @Qq = R

WhereP = (x—y)Q = (x+y)andR = 2xz

Therefore lagrange auxiliary equation will be

L & iy
x—y x+y 2xz (1)
Now taking first two term

dy

= 2% which is Homogeneous
dx x—y

Equation of first order therefore substitute y = vx

dv X—vx dy dv
vr+x—= v—=v+x—
dx x—vx dx dx
xdv __ 1+v 1+°
orif =% _ =
dx 1-v 1-v
da 1-v da dv v
Or—=—dvor —=——=——dv
X 1+~ x 1+~ 1+

On integration legx = tan“lv%llog(l +v?) +logec,
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Or2logx =2 tan™*(y/x) —log(1 + y?/x?) + logc,

X

Orlogx’ + log (x:-:y:) —logec, = 2tan™* (%)

Orlog (i) = 2tan”?t (i)

z
Cxn

—a (¥
Orx? +y? = c,e”™" ‘(3

- (xz + yZ)e—Ztan._i(y/x) =c, ________________________(2)
Now taking L, L, —1/z as multipliers

+r:1y—,l dz

d N . !
From equation (1) i =dxdy— d: = 0 on Integration

x+y—logz=¢; -——--—---(3)
Therefore general solution of given equation will be

¢{(x2 + y2)e—2tan_1(y/x)Jx +y— logz} =

Q.24 Solve :(mz —ny)p+ (nx—lz)qg = ly— mx

Solution The given equation is form of
Pp+Qqg=RwhereP =mz—nyQ =nx—1z
And R =y —mx

Therefore lagrange auxiliary equation will be

da dy [<§-4

- e ()

mz—mny T onx-lz ly—mx

Taking I,m,nas multipliers

ldx+mdy+ndz

5 dx+ mdy+ndz=20

On integration (x +my+nz =¢; ----—-- (2)

Again x,7y,z as multipliers

xdatydytzdz

5 =xdx +ydy+zdz=20



118 %W&? EThereke Fevrede

On integration x2 + y2 + z? = ¢,
Therefore general solution of given equation will be

d(x+myt+nzx*+y* +z)=0
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Multiple Choice Questions

. . . . . 8z\2 8z\2 .
Q.1 The order of the following partial differential equation (E) — (5) mZis

(A) 2 (B) 1 (©)3 (D) None of these
Answer (B)

Q.2  Afirst order Partial differential equation in two independent variable x and y is given by

(A)f(nyJZJpJQ)'—'tO (B)f(x,y,z,p) =0
©C) flx,y.z,p.q9) =0 (D) None of these
Answer (C)

Q.3 The solution of following p.d.e.25r — 408 + 16t = 0 is given by

(A) ¢y (5y + 4x) + xp,(Sy + 4x) (B) ¢4 (4y +5%) + ¢po(5y + 4x)
(C) ¢, (5y + 4x) + x¢p,(5y — 4x) (D)  None of these
Answer (A)

Q.4  For the factor (m + 1 )2 (m— 1)2 = 0 here the value of m =?

(A)—1,-1,1 (B) 1,1, 1,1

(Cresi, — TV (D) None of these
Answer (A)
Q.5 The value of,—11—x =7

(p*+p7)
o 3 40 _4

(AT (B) % €)= D) —

Answer (B) 2

Q.6 The value ofmlog (x+2y) =2

3

(A)%log (x+ 2y) (B) = log(x+2y)
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(C) leT log (x +2y) (D) None of these

Answer (A)
T eurthy —3 iff(a,b) =0

Q.7 The value of G0
ax+by 1 1 ax+by
(A) e F(D+a, D'+b) (B) (F(a,b)
1 ax+by 1 ax—by
©) go-s O) Faw
Answer (B)
3,
3x°+9
=7
Q8 2 +9x '
(B) 63x2+9

(A) log 3x° +9
(D) log(x® + 9)

(C)log(x® + 9x)

Answer (C)

Q.9  The order of the following differential Equation % + 11 j—i + 9y = sinx is
(A)1 (B)3
©)2 (D) None of these
Answer (C)

Q.10 The general solution of the following differential equation % + vy = 0isgiven by

(A)y = A cosx (B)y = A cosx — B sinx
(C)y=Asinx (D)y = A sinx + Becosx

Answer (D)



