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Preface

I am glad to present this book, especially designed to serve the needs of

the students. The book has been written keeping in mind the general weakness in
understanding the fundamental concepts of the topics. The book is self-
explanatory and adopts the “Teach Yourself” style. It is based on question-answer
pattern. The language of book is quite easy and understandableybased on
scientific approach.

Any further improvement in the contents of the bookiby making corrections,
omission and inclusion is keen to be achieved based, on suggestions from the
readers for which the author shall be obliged:

| acknowledge special thanks'to Mr. Rajeev Biyanis*Chairman & Dr. Sanjay
Biyani, Director (Acad.) Biyani Group of Calleges, who are the backbones and
main concept provider and also®have been constant” source of motivation
throughout this Endeavour. They played an active-roledin eoordinating the various
stages of this Endeavour and spearheaded:the publishing work.

| look forward to receiving valuable.suggestions from professors of various
educational institutions, other faculty members and students for improvement of
the quality of the book. The reader may.feelfree to send in their comments and
suggestions.to the under mentioned address.

Author



Linear Programming Problems

Linear Programming - The word 'linear' implies 'proportional' i.e. representation on a
line and programming indicates to the process of determining a particular plan of action.
This linear programming is a technique which is applicable to those programming
problems in which the desired objective as well as the restrictions on the reseurces give
rise to linear functions. Such type of problem is called a linear programming/problem.

A business or an industry concern has to fungtion underwvarious limitations of its
available resources. To earn maximum profit working under the available resource
linear programming is a techniquesto, find the conditiens which would maximize or
optimize profit.

The general problem of lineargprogramming was first developed and applied
along with the simplex method in, 1947 George B. Dantzig) Marshall Wood and their

associates of the U.S. Department of theaair force:

Description of Linear pregramming problem:

The mathematical descriptioniof a linear programming problem (LPP) includes :
(1) £ A set of simultaneous linear, Equiations or inequalities which represent the
conditions of the problem and
(2) A linear function which éxpresses the objective of the problem.
A linear programming problem in n variables, with some given restrictions can be
stated as follows :
Find x1, 22, .....0..00 > 2n Which

Optimize Z=Cix1tCoa2+ ...+ Cnxn



Subject to the conditions
anxi1tapx+...tanxn < (or=or=) b
anx1+apnx2+..tanxn < (or=or=>)b

ami x1 + amz X2 + ... + amn x, < (0or= or =) bm

and non-negative restrictions
x 20,j=1,2...n.

where aij ‘s and Cj’s are constant and xj’s are variables

Some Definations related with LPP -

Objective function : In a LPP the linear fu ri hch is to optimized is

called its objective function. %
Constraints: In a LPP the tio&%ich are in the form of linear

Equations or inequalities, ar

Non- N

ia &f a L.P.P. which satisfies the set of constraints and the

non- negative restrict@%alled a feasible solution.

Optimal solution :
A feasible solution of a L.P.P. which optimizes its objective function is called an optimal

solution of the problem.



Basic Solution (B.S.)

Definition - Let AX=Db be a system of a m equations in n variables (m<n)andr (A) =r
[A:b] = m Then a solution obtained by setting any (n-m) variables to zero is called a basic
solution, provided the determinant of the coefficients of the remaining m variables, is
not zero.

Thus if B is the matrix of the selected vectors and XB is the vector of the corresponding

variables, then the solution of the resulting system is given by -

BXg=borXg=B1lb

Thus a solution in which the vectors associated to m.variables (basic),are L.I. and the
remaining (n-m) variables (non basic) areizero, is called a basie solution

The number of the Basic solution will be at the.most

n!
nem= —————
cm m!(n—-m)!

Basic Solutions are of two types :

Non degenerate - A basic selution is callednon-degenerate if none of the basic variables
vanishes. In other words all ‘the.m basic variables must be non-zero and n-m zero

variables.

Degenerate - A basi¢ solutionis calledvdegenerate if one or more of the basic variables

are zero.

Basic Feasible solution (B.F.S:)

Definition : In a lirean. programming problem, a feasible solution is called a basic
feasible solution if it is also basic.

B.E.S are of two types:

Degenerate B.F.S. - A B.F.S. is said to be degenerate B.F.S. if at least one of the basic

variables is zero.



Non Degenerate B.F.S. - A B.FS. is called non-degenerate B.F.S. if non of the basic

variable vanishes.

Convex Set

Convex combination

The convex combination of a finite number of points x1, x2 ....... , xn is defined as,a point
X=Mx1+ A2 x2+ ....... +An xn
Where Aiisrealand >O Viand Ai=_1
the convex combination i=1
of two points x1 and xz is given by
X=hix1 + A2 x2; Aax2; A1, A2> 0O and A +io= L
It can also be written as
X =2AX1+(1-1) X2; O< A< L
This show that the segment of the two points X1 and X: is_the set of all possible convex

combinations of the two points X1 and X>

Convex Polvhedron :

Definition : The set of all coenvex'combinations of a finite number of points is called the
convexpolyhedron spanned by these poitits:
Example - The set of all the points‘efithe area of a triangle is a convex polyhedron

generated by its vertices. The vertices are also the extreme points.

Simplex : Definition':

An n- dimensional convex.polyhedron having exactly (n+1) vertices is called a Simplex.

Example - A point is a simplex in zero dimension . A line is a simplex in one dimension.

Slace and surplus variables :

We know that the constraints of a linear programming problem (L.P.P.) may involve any

of the three sign <, =, >. In case the constraints are inequalities they can be changed to



equations by adding or subtracting the left hand side of each such constraint by non-

negative variables. These new variables, if they are Added, are called slace variables and

in case when they are subtracted, they are called Surplus variables.

Q.1

Sol. -

Example -  If we have the constraints
2x1-3x2<7
Sx1+ 2225
Now we can changed them into the form of equations bysintrodtcing two new

variables X3 and X4 as follows

2x1-3x2+ x3=7

Sx1+ %2 - x4= 5

Here x31is slace variable whereas« 4 is assurplus variable.
Old hens can be bought at Rs. 2.each and, young omes at Rs. 5 each. The old
hens lay 3 eggs per week'and young ones lay 5 €ggs per week, each egg being
worth 30 paisa. A hen costs Rs. 1 per week to'be fed there are only 80 available
to spend on purchasing the hens and it is' not possible to house more than 20
hens at a time.’‘Formulate the lineur,programming problem and solve it by the
graphical method to find how many 'of each kind of hens should be bought in
order to have a maximum profit'per week.

The given Data can be‘written as

Hens |'Cost of [\Production Fed Max. quantity of | Max. space
each of egg Expenditure | expenditure | available
heris

Old 2 Rs. 3 1Rs. 80 Rs. 20

Young | 5Rs. 5 1Rs.

cost of | 30

each paisa

€88




Let the person buy x1 young hens and x> old hens.

Then total cost 2x1 + 5x2

Since only 80 Rs. available to spend on purchasing the hens therefore constrained
221 +5x2 < 80

again house available 20 for hens at a time. therefore const. x1 + x2 < 20 and x1>0,

x>0

The no. of eggs given by old hens in a week = 3x1
and the no. of eggs given by young hens in a week=
The total income by selling the eggs in a w
The total Expenditure for one
Total weekly profit Z = % x 3x1
Z=-1x1+ .5x2

Hence the mathematical fo
Max. Z =-.1 x1+.5 x2
subject to 2x1 +5x2<

21+ 2220

First we draw these lines in two dimensional space which correspond to the
inequalities of the constraints.
Now on considering the solution space for each of given inequalities, we observe

that the feasible region, i.e. their common solution space is the shaded area



Sol.

OABC. Further we find that the co-ordinates on the vertices of the polygon OABC

are

20 40

0 (0,0); A (20,0); B (552 ; C (0,16)

Now the maximum value of Z is at one of the vertices of the polygon OABC. But

we have at A (20,0) Z =-0.1 X20 + 0.5X0 =-2
B (20/3, 40/3) 7 =-0.1 X20/3+0.5X40/3 =6
C (0, 16) Z =0.1X0+ 0.5X16 =8
0(0,0) Z =0.1X0 +0.5X0 =0

Thus Z is maximum at C (0,16) 8 Rs. it means for obtained maximum profit per

week the person should purchase only 16 young hens:

A firm manufactures headache pills in two size A"and B'size. A contains 2
grains of aspirin, 5 grains of bicarbonate and 1 grain of codeine. Size B contain
respectivity 1,8 and 6 grain. It has been found by users‘that it requires at least
12 grains of Asprin, 74 ‘grains of bicarbonate and 24 grains of codeine for
providing immediate.relief. Formulate the L.P.P and determine graphically the

least no. of pills a patient should have to geét immediate relief.

Suppose, the patient should take 44 pills of A type and x2 pills of B type for
immediate relief. therefore

Z=x1+ x2

According to question‘for providing immediate relief patient requires at least 12
grains of asprin, 74 grains of bicarbonate and 24 grains of codeine, therefore

221+ x22>12

5x1 + 8x2 274

2116 22 > 20

and x1>0, 22> 0,

Hence the mathematical formulation of a given LPP is as follows -

minimize 7= x1t+ x2



2 x1+ 22 212
5 x1 + 8 22>74
2116 x2 >24

and x1,x2>0

graphical solution :-

&
£
=5
¥ 5
s *

(261, 23/1) =®

LS &
¢‘¢$Q[| Eﬁrmi %

\ %]
D=7

Col+Rx?=T4 wl+hud =24

R

2x1+ 22 =12 or %1+%=1 3 1)

5x1+ 84> = 74 or 2= + X2 ) )

14.8 9.25

x1+ 6x2 = 24 or ’2‘—1 + ":2=1 . (3)



Q.3

Sol.

21=0(4) x2=0

First we draw these lines in two dimensional space. Now on considering the
solution space for each of given inequalities we obtained their common solution
space is the unbounded shaded area ABCD as its corner points. From diagram we

tind that corner points are

126 23

); C(2,8); D (0,12)

The value of the objective function at these points are given by

at A (24,0) Z=24+0=24

at B (=, 2 z="2+%2-135
12 11 12 11

at C (2,8) Z=2+8 =10

at D (0,12) Z =0+12 =12

Therefore the optimal solution of given problem is x1=2, #=8 and minz =10

It means the patient should take 2 pills of "A sizeyand 8 pills of B size for
immediate relief.

A film manufacturing two types of electriciitems A and B can make a profit of
Rs. 20 per unit of A and Rs. 30 per unit'of B. Each unit of A requires 3 motors
and 2 transformers and each unit of B'requires 2 motors and 4 transformers. the
total supply of their per month, as-restricted to 210 motors and 300 transformers.
Type B is an/export model requiring a voltage stabilizer which has a supply
restricted to 65 units permeonth

Mathematical formulation - Let the firm manufacture x1 electric items of type A
and x; electric items of’'type B per month. So total monthly profit is given by Z =
20 x1 +30 x2 Since~Each unit of A requires 3 motors, each unit of B requires 2
motors and the total supply of motors per month is restricted to 210

So 3x1+2x2< 210

Further each unit of A and B requires 2 and 4 transformers respectively and its

supply is restricted to 300, therefore



2261+422 < 300
morevoer the voltage stablizer which is required for item B is restricted to 65, So
we have
22<65
Hence the given problem is to find x1 and x>, which minimize
7= 20x1+30 x2
Subjectto 3 x1+2 22<210
2 x1+ 422 < 300
x2<65

and x1>0, x>0

Graphical solution - Let us draw the boundary

lines : 3x1 +2 x> =210 or 7;—(1)

x1 2
221 +4 22=300 or —+ == -——(2)

x2
+2 =1

22=65 - (3) 21 4004) . D =0- (5)

in a two dimensional space which correspond‘te the inequalities of the constraints.

%2
2\ Fesible: Region
C (2055
S %2 =63
™
0.65) | =
L3
.Hﬁ
* s By xl + 2 = 15l
PRS-
¥
ow 2% o 0.0
0.0) i \3}{1+E:{E=EID d

w1+ 2x2=150



on considering the solution space for each constraint, we find that the shaded area

OABCD in their common solution space.

Further we find that the vertices of this polygon OABCD ate
0 (0,0); A (70,0); B(30,60); C (20,65); D (0,65)

The value of the objective function at these corner points aregiven by,

at A (70,0) Z=20 %,70+30:x 0.= 1400
at B (30,60) Z= 20 x 30+30 x 60= 2400
at C (20,65) Z=20 % 20+30 x 65=22350
at D (0,65) Z=20 x 0+30,% 65 =1950

Since Ziis maximum at one of ‘the éorner points of the feasible region, so we find
that it is maximum at. B where,x1 =30 and x» =60. Hence the firm should
manufacture 30 vitems of type A and 60 items of the type B to gave the

maximum profit whichis equal to Rs. 2400.

A factory uses.three different resources for the manufacture of two different
products, 20 units of the resource A, 12 unit of B and 16 units of C being
available . One unit of the first product requires 2,2 and 4 units of the
respective resources and one unit of the second product require 4,2 and 0 unit
of the respective resources. It is known that the first product gives a profit of 2

monetary units per unit and the second 3. Formulate the LPP. How many units



of each product should be manufactured, for maximizing the profit ? Solve its

graphically.

Sol. The following table shows the given Data-

Resources Products | Available Units
P1 | P

A 2 |4 |10

B 2 |2

C 4 |0

Profit per Unit |2 |3

Mathematical formulation -

of&nd product P> should be
manufactured for maxi 0 t}&tal profit is given by Z = 2x+3y

$ s 2,2 and 4 units, one unit of the
of the respective resources and the

A,B,C are 20, 12 and 16 respectively so

Let x units of first pro

/ﬁ’

440y < N ©

e
and x>0,y > QS

maximize  x=2x+3y (objective function )
subjectto  x+2y <10

x+y <6

x<4 (constraints)

and x>0, and y>0,



Feasible Region

First we draw the bounding lines

x+2y =10, x+y =6, x =4, x = 0,y =0

which correspond to the inequalities,of the given constraints.

Now on considering the,solution space for eachef'the given in equality, we find
that the feasible region, i.e. their 'common.selution space is given by the shaded
area OABCD. Every point of this regionsgives a feasible solution of the problem,
whete as its optimal solution'is attained at one of the vertices of the area OABCD.

coordinates of the four vertices are.."A(4,0) ; B(4,2); C(2,4) ; D(0,5)

So we find that

at A Z=2%x443x0 =8
at B Z=2x4+3x2 =14
at C Z="2x2+3x4 =16
atD Z=2x0+3x5 =15

Thus Z is maximum at C where x=2 and y=4. Hence 2 units of first product and 4
units of second product should be manufactured to get the maximum profit
which is equal to 16 monetary units.

Q.5 Find an optimal solution of the following L.P.P without using the simplex
method .



Sol.

Max f(x) = 2x1+3x2 +4x3 +7x4
St.  2x1+3x2-x3 +4x4=8
21-242 +6x3 -7x4 = -3

x1,x2,x3,x4 20

Since we know that objective function attains its optimal value f the

N

extreme point and extreme points correspond e solutions.
hall decide which

Therefore first we find all basic feasible solutions an
of them gives the optimal solution.
The given system of equation can be exp

ai1x1 +apxtasxs+asxs=b

Where ai1= (i), a =(_32); as

oer(()and 1 ()

Here n, the number of

since none of these vanishes, so every set of two vectors of A are linearly
Independent. Hence all the basic solution exist.

Also we know that the basic solutions corresponding to the metrix B is given by

X = B-1b so we have



e IR E

Xgo = L’g] = Bylb== [_61 21] [_83]=[ 45/13 |

13 -14/13]

()= w5
Xi=(g) = Bei=g [y o] [GH5]

R A )

f(X2) = 2x?+ x(0+

&ks
@2

£(X3) = Ix0+3x 23 x L +7x 0= 263
16 16 16

f(Xs) = 2x0+3x0+4x2E fyxio= 291
17 17 17

Since f(X4) gives the maximum value an optimal solution to the given L.P.P.

44 45 ) . . . 491
x1=0, x22=0, X3=—, Xa= and the maximum value of the objective function is ot



Q.6  Solve the following L.P.P.
Max. Z =5 x1+3 x2
S.t. 3 £1+5 22515
5 x1+2 22<10
and x1, £2>0
Sol. First we write problem in standard form for simplex method by addi slack
variables x3 and x4. The problem in its new form is
Max. Z=5x1+3x20. 23+ 0. x4 @
S.t. 3 x1+5 x0+1. 23 +0. x4=15 s %
5 x1+2 22+0. x3 +1. £4=10 @
and xj >0,j=1,2,34 \
The coefficient matrix A is given b
A=[§ g éf ]=(a1,a2,a a
Taking the initial base ' le is constructed as follows;
First Simplex Table
X§ 3 0 0
CB @ oy oy2 y3 y4
O % 3 5 1 0
o 10 2 0 1

Zj- c]%, — 5T -3 0 0y
Since Z1-C;, =-§‘he most negative so az is the entering vector also

min {52, vi1>0 }=Min (7,2} =9=22

4’5 ) s yz1
~y2l, i.e., 5 is the key element and the departing vector is {3, i.e. second vector of
the  basic whichis as

Now using the usual transformations we obtain the next simplex table as follows :



Second simplex table

min {x—B‘ Yi2>0 }= Min {4—5,1—0

yi2 19° 2
= the key element is y12 =
the basic which is as, Seithe

Third Simplex Table

5/19
2/19

5/19

5/19

16/19

Since all Z;-C; 20, Qe,solution at this iteration is optimal

20
=—,x3=0, 24=0

4
Thus here x> =—,%1
19 19

Hence the solution of the original problem is

X 20 X 45
1712719
45 _ 235

And the maximum Z = 5><2 + 3x
19 19 19

G- 5 3 0 0
Cp |B Xs b V1 y2 V3 V4
0 |as 43 0 1 -3/5
5 ai X1 2 1 2/5 0 5




Q.7 Solve the following L.P.P
Max. Z = 2 x1+5 x2+7x3
St. 3x1+2x2+4x3 <100
x1+4x2+223<100
x1+x2+3x3<100

and x1,x2, 23>0

Sol. First we convert the problem in its standard form of simplex met@dmg

x4, x5, X6 as three slack variables. The problem in i
Max Z = 2x1+5 224725 +0. 24 +0. x5 +0. x¢

3x1+2 x2+4x3 +1.204 +0. x5 +0. x

xx  x1t4x0+2x3+0.x4+1. 2540

x21+1.22 +3x3+2x3

and xj>0,j=1,2,3,4,5,6
The coefficient matrix
3 2 41
A= \1 4 20
1 1 3
Taking the initi

as follows:

'S

2 |5 |7 0 0 0
yl |y2 |y3 |y4 |yd |yb6
3 |2 1 o |0
1 14 |2 0 1 0
1 |1 |3 0 0 1
Zj- Gj 2 5 7 0 0 0




Since Z3-C; =-7 is the most negative, So as is the entering vector. Also we find
that min

min {’;l—‘z‘ Yi3>0 }= Min {

100 100 100} _100_ xB1

4’ 2 2

’ 4 y13
which occurs in the first row so P i.e a4 is the departing vector and 4 is the key
element.

Now with the help of usual transformations we construct the next simplex table

as follows.
Second Simplex Table
Cj—> 2 5 % 0 0 0
CB B Xs b yl y2 y3 y4 y5 y6
7 as | x3 25 3/4 1/2 1 1/4 0 0
0 a5 |5 50 1/2 0 2/2 |1 0
0 as | X6 25 5/4 |<1/27 |0 -3/4 |0 1
Zj-G > 13/4 ».-3/2, N0 7/4 0 0
T

The B.F.S. given by second simplex table is_het optimal so we proceed for a new

improved B.F.S. For preparing next simplex‘table we observe that a2 is the entering

vectory as is the departing vector and 3sisithe key element. The next table is as follows :

Third Simplex Table
Cj— 2 5 7 0 0 0
CB B XB b yl y2 y3 y4 y5 y6
7 as x3 50/3 5/6 0 1 1/3 -1/6 |0
5 az x2 50/3 -1/6 |1 0 -1/6 |1/3 0
0 ds X6 100/3 -4/3 |0 0 -5/6 |1/6 1
Zi-G — 3 0 0 3/2 1/2 0




Since all the value of Zj-Cj >0 So the solution given by this table is optimal and it is given
by x1=0, x2=50/3, 23=50/3, 24 =0, 25=0, £6=100/3

Hence for the original problem the optimal

.. 50 50
solution is x1=0, x2=, 5 X3 7

and the maximum = Z= 2><O+5>< +7>< =200

Q.8 Solve the following L.P.P
Min Z = x1=3 x2+2 x3
S.it.  3x1-x2+3x3<7
2x1+4x2<12
-4x1+3x2 +8 23510
and x1, x2, £3<0

Sol. This is a problem of mi

maximization, we have

é@%‘k equation we introduce x4, x5, x¢ as

m takes the following standard form for

3+0. 24+0. 25+0. x6
+3 3@#0 x5+0. x6=7
§3+0 23+0. 24+1. x5+0. x6=12

8x3+0 24+0. 24+0. x5+1. x6=10

and x]>0§} 1,2,3,4,5,6

for this, system of constraints is

3 -1 31 0 O
A=[-2 4 00 1 0 |(a1,a2,a3,04,as, de)
-4 3 80 0 1



Taking the initial base B = (a4, as, ae¢) the first simplex table is constructed as

follows.
First Simplex Table
G- |2 5 7 0 0 0
CB|B X | b yl y2 y3 v4 y5 y6
0 |as X4 7 3 -1 3 1 @)
0 |os x5 12 -2 ik 0
0 |as x6 |10 -4 1
Zi-G - 1 ° % 0
an
N
Since Z»-C, = -3 is the most negative, I @ve find that min
xBi . . {12 10) _ 12 xB2 N
{f, Yi2>0 } =min {—,—} =—,—,
yiz 4 " 3 4" y22

th o@

ation.

. The departing vector is P2, i base which as. Now we

construct the second simplex t.

0 0 0
y3 y4 y5 y6

0 3 1 1/4 |0

1/2 |1 0 0 1/4 |1

-5/2 |0 8 0 -3/4 |0

7ji-G - 1/2 0 2 0 3/4 0

)

From this table we find that the basic feasible solution B.F.S. given by it is not

optimal. so we proceed for a new improved B.F.S.Zj-Cj = 1/2 is the most negative, so ax




10
5/2

vector and 5/2 is the key element. The next simplex table is as follow :

is the entering vector. Also min{ }=4 which occur in first row, as is the departing

Third Simplex Table
G |1 3 2 0 0 0
SR N
-1 ai X1 4 ' 10 0
3 @ | 5 /20 |o
0 a | e 11 e |1
ZiG * 6/20 |0

We find that all Zj-Cj > 0, So thessolut

So we have

X1+ Xx22>

QQ
and x1, x2>0 %

Sol. First we convert the problem to the maximization problem by taking the objective

function Z* = -Z =- x1- x2



Introducing the surplus variables 3 and 4 the constraints are converted into the
following equations :

2x1 + x2-x3=4

x1+7 x2- x4=7
Here we cannot get the initial B.F.S. So introduce the artificial variables sand s and

assign the large negative price -M to these variables. The problem may, how be

N

expressed as Max. Z* = - x1 - x2+0.x 3+ 0. x4 -Mxs- Mxe

2x1 + x2-x3+0. x3+ 0. x4 +x5+0.x6=4

x1+7x2+0.x 3-1. x4 +0.x5+x6=7
And xj>0,j=1,2,3,45,6

-1 0 10]_
0 -101

Taking the initial base B = (ab,

For this system t

A.lg@ven by

\%

the simplex table as

N

follows :

Second simplex Table

M
ys5
1
1/7 |0
M M
Cs B Xs b y1 y2 y3 Va4 ys5 ye
M as s 4 2 1 1 0 1 0
M as e 7 1 0 -1 0 1
Zj-Cj —>  3M+1 -8M+1 M 0




T

Since the initial B.F.S. is not optimal, so we proceed for a new improved B.F.S.
Now Z2-C2 = -8M+1 is the most negative,

So K=2 and as such azis the entering vector. Also we find that

min
£, viz>0} =Min {32} =1=22
yi2 1°7 7 y22
So the departing vector is B2, i.e. as which is the second vector of the ba he key
element is y22=7 we now prepare the next simplex ta ua sformation

&

deleting the outgoing artificial vector ae
Second Simplex table

Again the basic feasible soluti

again we find that

min {’;T’i‘ Yi10 } = Min {%

az is the entering vector, a

0
ys y4
7/13  |1/13
1/13  |-2/13

Zj-Cj N 0 0 6/13 1/13

The above table shows that Zj-Cj >0  Vj

o . . e 21 _10
Hence it gives the optimal solution which is given by x1=—, x>=—



) -21 10
min Z = -Max Z* = - [———,]
13 13

31

min Z =—
13

Q.10 Solve the following L.P.P. by simplex method.

max. z=2x1+ x>
St x1-x2<10

2x1-x2<40
and x1, x2>0

Sol. After entering slack variables x3, x4 the ir
max. Z= 2x1+ 22 +0. x3+0.

S.t x1- 21+ 23 +0. x4=

Taking the initial

simplex table as ws

1 0 0
y2 y3(B1) | ya(P2)
-1 1 0
-1 0 1
-1 0 0




Q.11

Sol.

Max. Z =

After observe this table we find that there is a vector a» such that a €A but ax € B

and for this vector Zj-Cj

= Z»-Cz= -1<0 and all the components of y2 are negative.

Hence the solution of this L.P.P is unbounded.

Show that there exists no feasible solution of the following problem.

max. Z =

S.t.

and

Introducing Slack variable x3, surplus v

given constraints; the given

S.t.

3x1+2 22+0 x3+ 0. x4-

2x1+ x2+1.23+0. x4

3x1+2x2

2x1+x2<2 Q
3x1+4x2>12 @
2120, 2220 @

ficial .%i h
tiici@&% e x5 in the
®

$

=a1@‘§a4 as)

) for the initial B.F.S., we prepare the initial

G- |3 2 0 0 M
Cs B Xs b y1 V2 V3 V4 Vs
0 a3 X3 2 2 1 0 0
-M as X5 12 3 4 0 -1 0




Zi-G > 3M-3  -4M-2 0 M 0

)

The basic feasible solution of this table is not optimal proceeding for a new B.E.S. we
find that az is the entering vector and as is the departing vector with usual

transformations the new simplex table is constructed as follows :

Second simplex Table ;Q
=M

G—
Cs B XB b ‘.{b
2 az X2 \Q;B
-M as x5 4 1
Zj-Cj > 5M+1 0

of opti ‘}y is satisfied but we observe
x&includes the artificial variable x5

@n problem has no feasible solution
t

second given constraints.

Q.12

x1+2x72<4 @\

and x1,x2>0

After introducing x4 a slack variable x3 as surplus variable and x5, x¢ a artificial
variables the system of constraints becomes.

3x1 +x2+0 x3+0. x4 +25+0. x6=3



St 4x1+3x2+x3+0. 24+0. x5+ 216 =6
x1+222+0. 23+ 24+0.25+0. x6 =4
assigning the large negative price -M to the artificial variables x5 and x¢ the

objective function becomes

max. Z = -2x1-x2+0.x3 +0. x4 -Mxs5-Mxg Q
@

First simplex Table

‘\,, -M
Cs B XB Ve
-M as x5 1 0
-M de X6 0 1
0 a4 x4 0 0
Zj-Gj 0 0
T
The B.F.S. of this table imal. ng for an improved B.F.S., we find

3 6 4
ar mg vector is as because min { 4— ,1—}

\\“

g{%‘he next transformed table as

»

Cs |B X &Q‘ R y2 y3 V4 V6
2 |m x1 M 1 1/3 0 0 0
M | as X6 2 0 5/3 -1 0 1
0 | x4 3 0 5/3 0 1 0
Zi-G > 0 ;_5M+31 M 0 0




Again the B.F.S is not optimal proceeding further for a new B.F.S. we find that a> is the

entering vector and acis the departing vector.

Third Simplex Table
Cs B XB b Q:Q
-2 ai X1 3/5 @
-1 a x2 6/5 o
&

0 a4 X4 1 N

. . \

ZGg) -

Third simplex table shows that Zj-Cj =0
solution which is given by

x1=3/5, x2=6/5

6

6 -12
and max. Z =-2><E —c =



The sphere, The cone, Cylinder

Sphere

Definition :- A sphere is the locus of a point in space which remains at constant distance
from a fixed point.

The fixed point is called the centre and the constant distanc radius of ere.

Equation of a sphere (Central form)
@

®
&
Equation of a sphere with origin as e \%
o %
\

(-2 +(y-b)? +(3-c)2 =1

Where (a,b,c) are centre of sphere and radius is -

General Equation of a sphere -
22 +y2 +22 +24x+2vy+2wz+d =
where centre (-u-v,-w)

radius V(u2+v2 +w2-d)

ie S+« sp&‘
the circle S= x!%&zz +24x+2vy+2wz+d =0

P= A x+By+Cz+D=0
Equation of sphere (Diameter form)

(- x1) (k- %2) + (yy 1) (y-y )+ (2-21) (z-22) =0



The tangent line - A line is said to be a tangent line to the sphere if it intersects a sphere
in two coincident points.
The tangent plane - The locus of all tangent lines at a point on a sphere is called a

tangent plane at that point.

Equation of the tangent plane at any point(a,3,y) of the sphere
x2+y2 +22 +24x+2vy+2wz+d =0

is ax+ Py+yz+u (x+a)+v(y+pB)+W(Z+y) +d=0

Orthogonal spheres -

Two spheres are said to be orthogonal when the angle between them is a right angle.

Condition of orthogonality of two sphere

2uiur+2vivo+2wiws = di+do

Cone

Definition - A cone is a surface generated by a-straight line which passes through a
fixed point and is subjected to one more condition. e.g. intersects a curve or touches a
given sphere.

The fixed point is called the,vertex ofithe-cone and the given curve on surface is called
the guiding curvesor the guiding, surface of the cone and any individual line on the
surface of a cone is called its generator.

Equation of a cone—»>whoséwertex is (a,f3,y) and guiding curve are given
ax?+by?+2hxy+2gx+2fy+c'=0, z=0, is expressed by -

a(az- yx)2 +2h (az-yx) (Bz-yy) +b (Bz-yy) +2g(dz-yx) (z-y)+2f (Bz-yy) (z-y) * ¢ (z-}>=0

Enveloping cone
Definition - The locus of tangent lines drawn from a given point to a given surface is

called an enveloping cone or tangent cone.



Equation of the enveloping cone of the sphere
x2 +y? +z2 =a2 with vertex at the point (a,p3,y) are given by SS1 =T2

i.e. (22 +y? +22 -a?) (a?+p2+y2-a?) = (ax+ Py+ yz-a?)

Cylinder

Definition - A Cylinder is a surface generated by a variable straight line, which moves
in such a way that it is always parallel to a fixed line and which fulfills one more
condition e.g. It may intersect a given curve or touch,a given surface or may be at a
constant distance from a fixed straight line.

The fixed line is called axis or guiding,line, The given curve or the‘surface is called the
guiding curve or the guiding surface and the variable line'which generates the surface of
the cylinder is called the generator of the cylinder.

Equation of a cylinder - whose generators are parallel to line % = % = %

and whose guiding curve is the conic ax?+2hxy+by2+2gx4+2fy+c =0,2=0

then equation - a(nx-1z)2¢+2h (nx-1z) (ay-mz)+b(hy-mz)? +2gn (nx-lz)+2fn (ny-mz)
+n2c=0

Represent the equation of a cylinder

Right circular cylinder

Definition - A right circular cylinder is the surface generated by a straight line which
intersects a fixedicircle and,is perpendicular to its plane.

The fixed circle is called the guiding circle of the cylinder

Equation of right circular cylinder is expressed by -

3 I(x—a)+m(y—B)+n (z—y)]?
(- Q)2+ (y- B2+ (z-y)? =2+ [ D

.. . x—a - zZ—y . .
whose axis is the line — = %= — and whose radius is r



Q.1 Find the centre and radius of the sphere

Sol.

7x2+7y2+722-6x-3y-2z =0,
The given equation of sphere can be written as

6 3 2
2 2 2 Ly —Z y-—yg=
x24y? 452 — - x —- y--2=0

3 3
~ centre (-, -

1 .
-, +5 ) and radius =

V((-3)/72+(-3)/142+(-1)/72-0 ) =1/2

Q.2 A sphere of constant radius& passes through the origin O and cuts the axes in

Sol.

A,B,C. Prove that the locus of the feet of the perpendicular.drawn from the 0 to
the plane ABC is given by

(22 +y2 +22 )2 (-2 +y-2 +2-2 ) =4r2

Suppose coordinates of (Au(a,0,0), B (0,b,0).€ (0;0,e)'then equation of sphere OABC
can be written as x2 #y?+z2 -ax -by-cz) =0 -(1)
According to question radius,of sphereis‘equal to r therefore

@/22+b/2)2+ g/ 2)>=r2

or a2 +b? +c2=4r? -(2)

again equation of plane ABC will be

GG+ () )

Equation of perpendicular line on plane (3) from origin will be

r oY —Z - _
VTR K (suppose) (4)
kkk

on line (4) co-ordinates of any point will be (a, ot ) and if we assume

co-ordinates of the feet of the perpendicular are
_k k. _k
(f,g/h) then f= ~ 8= h= -

= a=k/f, b=k/g, c=k/h- )



Q.3

Sol.

substitute the value of a,b,c in equation (2) we obtain

f2 gZ h2
= K2(f2+g2+h2) =4r2 (6)
again feet of the perpendicular (f,gh) is situated on plane (3) therefore
h
Loty
a b ¢
or %2 + %2 + %2 = 1 (after substitute the value of a,b,c) Q

e obtain

N
S

ir@S) and which

or% (f+g?+h?)=1 Now eliminate the value of k from

(f2+ 82+h2) (f—2+ g-2+h-2) =412

Find the equation of the s
touches the plane 3x+2y+z+4 =
sphere is cut by the plane x+y
Centre of sphere (1,2,3)

Equation of sphere

V14

taking square both side



14x14 =14-dor14=14-d - d=0
14

Putting the value of d in equation (1)

now radius of sphere V1 +4+9 =14

re T ? \%
S
S
»

is SO T éis perpendicular length from

x2+y? +32 2x -4y +6z =0 :Q
@

Length of perpendicular from cent

P= 11+21+31
vi+1+1

Q4 i i e two tangent planes to the sphere x2 +y2 +z2 =16

of p%se which passes through the lines

(x+y-5 W— 2z—-7)=0
2(1+X) +y - 2xz -(5+7x) =0

Sol.

if plane will be a tangent plane to the sphere then length of perpendicular
on this plane from centre of the sphere is equal to radius of sphere.

Centre of sphere = (0,0,0)

radius = V16



0X(1+x)+0.(1) +0 (=2x) =(5+7x) _ 16
JA+X)E+ (12 + (=2x)?

-(5+7x%) _ \/ﬁ
V127 + 20 +1+4x2
-(5+7x) — JiZ
VEXZ + 2542 16

-5+72) =V16 V5 X2 + 2% 42

taking square on both side we obtain
(5+7x)2=16 (522 4+ 2X +2)
or 25+49x 2 +70x = 8 2%
or 31x2-38x+7 =0

= (®-1) (BIx=7) =0

Q.5

Sol. ne Wthh touches the sphere at (1,2,-2)

éﬁh (x + 1) -3 (y+2)+1 =0
z@ -3y-6+1=0

2x-y-2z-4.=

Equation of sphere

(x2+y2 +322 +2x-6y +1) + X (2x-y-2z-4) =0 1)
The sphere passes through points (1,-1,0)
(1+140+2+6+1) + X (3-4)



Q.6

Sol.

= X =11 putting the value of » in equation (1) we obtain
(x2+y2 +z2 +2x-6y +1) +11 (2x-y-22-4)=0

22 +y2 +22 +2x-6y +1+22 x-11y-222-44=0

22 +y2 +22 +24x-17y -227-43=0

Tangent plane at any point of sphere x2 +y2? +32 =r2 meets the co-ordinate

axes at A,B,C show that the locus of the point of intersecti lanes

drawn parallel to the co-ordinate planes thr, Ci rface

Here equation of sphere is given x?2

(0,0,¢)

B (0,b,0) C

a,0

Equation of plane wil
Point of x=a, y=b, z=c

Let the intersection of

1

r==.0+ =0 +=.0
a b c

1




(b)

Q.8

Sol

Find the equation of the sphere passing through the following circles
and the points mentioned against then.

x2+y2 +3z2 =9, 2x+3y+4z=5; (1,2,3)

Here Equation of sphere S+xP =0

(x2+y2+22 -9) + N (2x+3y+4z -5) =0 (1)

Its passing through the points (1,2,3)

(1+4+9-9) + x (2+6+12-5) =0 QQ
N

= 5+15x=0=> x= -1/3
substitute the value of X in Eqi» (1) we obtai
(x2+y2 +22-9)-1/3 (2x +3y+4z-5)=0
3x? +3y? +332 -2x -3y-4z-22=0

x2+y2 +22 =1, x+2y+3z =4

(x2+y2+z2-1) + X (
its passing thr
-1 +x (-4) =0

Find t %‘tion to the sphere which passes through x?+y2+z2=4, z=0,
its cut by the plane

x2+2y+2z=0 in a circle of radius 3

Equation of circle x?+y? +2z2 -4 =0; Z=0

Equation of sphere S+xP =0

(x2+y2+z2 -4) +x 2z =0 -1



its cut by the plane x+2y+2z =0
Centre of Sphere ( 0,0- x/2)

radius of sphere \/ 0+0+ %2 + 4

length of perpendicular passes through from centre to plane

0.1+ 0.2 +2(—x/2) =
V1+4+4 3

radius of circle = \/r? — p?

= X2=36 = X =16
substitute the value of

(x2+y2+z2-4) £ 6z =

)

of th re ing the circle ( x?+y2+z2 = 16,

circle. a@ the radius and centre of the great
gi@l%rcle is
\

Q.9 Find the e

Sol.

1ver%'1;§e is a great circle of (1) the centre (-x,_?3 X, -3x) lie on the

plane 2x-3y+6z =7
2n- 2 2-18x=7
=275 5=2/7

2

Substitute the value of X in (1) we obtain (x?+y2+z2-16) _72 (22-3y+6z -7)=0



-1
x+y+z2 — (4x-6y+122)-14=0

2 -3 6

point of centre (-,—-,-)
radius of sphere = 419 + 4% + % + 14
=15

P_§x2+§x3+6x§ 7 g

Va+9+36 B

radius of circle = /72 —p?=+v15-0 = ®
Equation of perpendicular line from

x=2/7 _ x+3/7 _ x—=6/7 _
2 -3 6

Co-ordinate of point (2r

2(2r+2/7) +(-3) (-31-3/7)+6 (

r=0
point of circle (2/7, = 7
2=

QD
a@ line passing through the vertex (1,1,0) and
tion rai&&

R -0
(1@ plane y=0, therefore

Q.10

Sol.

m,n

7

e
zZ

T T my T
Intersection point of plane and line is

l -n
(1-— 0,—)

if its point situated on guiding curve then

(1-p+ 2 =4 -2



Q.11

Sol.

Q.12

Sol.

Q.13

Eliminate the value of I, m,n from Eq (1) & (2)

ZZ

(1- 252+ =4

y-1  (y-1)?
(y-1-x+1)2 +z2=4 (y-1)2
x2+3y2+z22 -2xy+8y -4=0

If the straight line # =% = ? intersect the curve ax?+by?=1; z=0, then

prove that a(an-yl)2+b (Bn-ym)? =n2

Equation of straight line
x—a _y-B _z-y
- Q)

T m o n

its meet plane z=0

of intersection of

: ax® +by2+cz2 =1;

-(1)

£ -2)

with the ‘hélp“of Equation (2) Equation (1) become Homogenous and by
this process we obtain Equation of the cone

ax*+by?+cz2=2 = Tz +=

2(ax*+by2+cz2)= ax®*+fy2=2  Ans.

Prove that the lines drawn from the origin so as to touch the sphere



Sol.

Q.14

Sol.

2*+ 42+ 32 +2ux +2vy+2wztd=0 lie on the cone d(x*+y2+32) =
(4x+vy+wz)?

Equation of line passing through the vertex ( 0,0,0)

2= 2 = oar (ley) - (1)

point on line (1) is (Ir, mr, nr). if its point are situated on x*+y2+32
+2ux+2vy+2wztd=0 then

12r2+ m?r?+ n?r?+24Ir+2vmr+2wnr+d =0

r? (I*+m?+n?)+2r (ul+vm+wn) +d=0

= line touch the sphere - B>-4AC=0

4 (ul+vm+wn)? -4 (I?+m?+n?).d=0

(ul+vm+wn)? = (I?+m?+n?).d

now eliminate I, m,n we can write

(ux+vy+wz)? = (x*+y2+32).d Ans

Find the equation of the cone whose vertex is\(«, f#, ) and which touches
the surface ax*+by?+cz?=1

Equation of line passing through the vertex (a, 8,7 ) is

? = % = ? =r (suppose) . =(1)

the point.on line(1) is (¢r + a,mn+ B, nr +y)

if its point situated onvax?#by?+cz2 =1 then

a(lr + a)?tb(mr +6)2*c (nr + y)?=1
r2(al’> + bm?* + cn%)+ 2r (ala + bmp + cny)
+aa® + bp%+ cy® — 1=0
Since line touches the sphere therefore B — 4AC = 0
4(ala + bmp + cny)*4 (al>+bm?+cn?) (aa® + bB? + cy® — 1)=0
Now Eliminate value of 1, m,n we obtain
la(x — @)a +b(y = B)B + c(z =)y
=la(x—a)*+b(y—B)>+c(z—y)*Ix (aad®*+bB*+cy*—1)=0



Q.15

Sol.

Q.16

Sol.

(axa + byB + czy= (ax*+by2+cz?) (aa® + bB? + cy*=1)

Prove that the following equation represent a cone with vertex (1,-2,2)
7x2+2y?+272-10zx+10xy +26x-2y+22-17=0

F(x,y,2,t) = 72*+2y2+272-10zx+10xy +26xt

-2yt+2zt-17t2=0

(Z_D‘:l =0 = 14x + 10y — 10z + 26=0 ~(1)
(z_i)tﬂ =0 = 4y+10x — 2 =0 w(2)
(Z‘Dt=l =0 = 4z — 10x + 2=0 -3
(3_9@ =0 = 26x — 2y.+ 2z — 34=0 - o)

Now solve (1), (2), (3) we obtain
x=1y=-2,z=2
the value of x = 1, y = =2,z = 2'is satisfied bysequation (4) therefore the

given equation representa cone whose vertex is (1,-2,2)

Prove that the angle between the lines'in which the x +y+z=0 cuts a cone
ayz+bz x+c xy=0 is

(a) g 2if a+b+c=0

(b) gif 1/ 'a+1/b +1/c=0
Equation of planeis % #y+z=0 1)
Equation of cone'is ayz+bz x+c xy=0 2)
Let Equation of intersection line between (1) & (2)

y=0."_ z-0

. x—0
1S — =3 =
l m n

=T
point on line — (Ir, mr, nr) if this point situated on cone and plane then
l+m+n =0 - (3
amn+bln+clm=0 - (4)

Now eliminate the value of n from (3) & (4)



am (-I-m) +b(-I-m) I+clm=0

-aml-am?- bI2-bml+clm =0

a—+a+b ()2 +b(=)-c==0

3

b (%) 2 +% (a+b-c)+a=0

Lt _ Z (@tbtg _ & L _a
mq my b mq my b
Iy my+lomy _ - (C—d—C)
mim; b Q
Iy my+lomy _ — mimy__ K q
(c—a—-c) b N
Ll — _Mum;_ 737 =K
a b [«
(i) cos@=1l;l,+ mm,+

cos % = ak+bk+ck

+a2+b2=2ac—2ab-2bc]

’s ‘a+b+c

N 3 [a2+b2+c2-2ab—2bc—2ca]
a+b+c

V3 = 3 [a2+b2+c2-2ab—2bc—2ca]
atb+c

(@ +b+c)?=[a®+b*+ c?—2ab — 2bc — 2ca




4ab + 4bc + 4ca =0

ab+bc+ca _
abc

0

1.1 1
s+ =+==0
c ab

Q17 If §=§ = grepresent one of the three mutually perpendicular generators of the

cone 5yz — 8zx — 3xy =0, find the equations of the other two Q
@

Sol. - Equation of perpendicular plane on line

r=r
1

=2is
2 3

1x + 2y + 3z=0

Equation of cone 5yz — 8zx

Now Eliminating the

5mn-8n (-2m-

substitute the y@z‘f m = -4n in Eqin  (3)
£+2 (-4n) +3n =0
= ¢-5n =0 = ¥=5n

Now Eliminate ¢, m,n we can write



Q.18

Sol.

£+n =0

)
line (6) and (7) will be perpendicular Q
If aya; + b1b; + c1c2 =0 Q
5(-1)+(-4) (-1) +1.1 =0 t

@

1°7°3° [g.iven line Eqin]

Eq™ (8) L Eq™ (7)

then 1 (-1) +2 (-1) + 3(1) =0

-1-2+3 =0 Ans.

Find the angle Dbetwe of the plane

3x + y + 5z = 0 with the

M
‘&? (2)

\ one and plane is given by

S - ©

na%e value of m from Eqi» (4) & (5)
6n (-3¢ @Zﬂ’ +5¢ (-3¢ — 5n)=0
= -18n #-30n* — 2n¢ -15¢% — 25¢n =0
= £2+3fn+2n2=0
=-n, {=-2n

Now put £= -ninEqn (4)

-3n +m+5n =0 > m+2n =0



> m=-2n
Y

-1

m_n

2 1 (6)
Now again put ¢ =-2nin Eq™ (4)

3(-2n)+m+5n =0

= m-n=0 2 m=n
£
-2
angle between line (6) & (7)
_ (=D(=2)+(-2)(D)+1(1D)
Cos 6 = VIta+1l VIta+1

3-2+1 _ 1 () = -1 1
R ~0=Cos (6)

Ik

_n
1

Cos 0 =

B

Q.19 Prove that the plane Ix +m

perpendicular lines if (b + ¢)#* +

Sol.

Fhe W of w from (3) & (4)

o 4 ()

(au® + bv)n* + ¢ (£*u® + m*v? + 2¢muv)=0
(%)2 (an® + cl®) + 2% (fmc) + bn* + cm*=0

Uy _U, _ bn’—cm?

v v, an?+cl?

Now eliminate the value of v from (3) & (4)



au®*+b ( z +cw2=()

—lu—nw)
(au® + cw®)m* + b (£*u® + n*w? + 2¢nuw)=0
C (:’—:) m? + am?+bf? + bn® :—22 + 2¢bn %=O

(%)2(6m? + bn2)+2% (£nb) + am? + b€>=0

wi w, _ am®+b{?

U, u; bn’i+cm?

UiUz V1V2 _ wiw; _K

6n’+cm? an®+cl?* am?+bl?

=~ lines are perpendicular therefore
uiuz +vivetwiwe=0

(bn2+cm?2) + (an+cl?) + (bl2+

Q.20 Find the equations of go@ors are parallel to the

following line and int éd against them.

Xy _z 1 2
i iak ellipse x

Sol.: LetP (a,B,7)b n equations of a generator

This point lies@tuwe x2+2y?2 =1, z=0if

(a-7)#2(p+3)7=1
Hence the locus of P (a, B,7) is
(x—2z/3)>+2(y +2z/3)* =1
= 9x 2 +922 +18y?- 6 xz+24yz=9



= 3x2 +322 +6y%+ 8yz —2 x2-3=0

which is the required equation of the cylinder.

Q.21  Find the equations of a cylinders whose generators are parallel to the line

=2 = and base is the curve x2 +y2 +2g x +2fy+c=0, z=0
m n

ud
¢
Sol. LetP (a,B,y) be any point on the cylinder then equations of a generatonthrough

Pare Z2=XL=ZF =1 (let) - (1)

1 m
This meets z=0 plane at the point given by

x-a _y-B _ —vy. Ly my
— = =—le (a—T, -—,0)

4 m n
This point lies on the curve then
i
(aly/ny +Hpmy/mp + 2g (@ = 1), +2( B=5)e=0
Hence the locus of P (a, 8,7) is
(nx — £2)% + (ny — mz)?+2gn(nx — €2)+2f (ny — mz)m+cn2=0

Q.22 Find the equations of the enveloping cylinder of the surface ax® + by” + cz* =1

and whose generator are parallel to the Tine - = 2=>
£ m n

Sol. LetP(a,p, y)be any point.on the cylinder then equation of generator through P

are

?=%=%=4’(Iet) - (1)
the point on genetator given by

(tr+a, mr+p, nr+y)

This pointsiies on the curve then

a(@r+a)?2+b (mr+ )2 +c (nr+y)2=1

(af? +bm?+ cn?)r2+2¢ (afa + bmf+ cny) +aa? +bp?+ cy?-1=0  -(2)
line (1) touches the concoid if B>-4Ac=0

4(ata +bmpB+ cny)2-4(at? + bm?*+ cn?)(aa?+ bB2+ cy? -1)=0

Hence the locus of P (a, B, y)is



(ax®+by2+cz2-1) (af? +bm2+ cn2)= (afx +bmy+ cnz)?

Q.23 Find the equation of a right circular cylinder whose axis and radius are

x-1 -2 z-3
_ Y4 _ )

Sol. LetP (x,y,2) be any point on cylinder
from right angle A OPM

PN2=PM?+MN?

=9(x%-2x +y2-4y +22-6z+1
= 36+ (2u+y+22-10)2

t d@' cylinder whose guiding circle is

X
o

Therefore the radius of the circle = \/r2 — p*=+v/9 — 3 = V6



Q.25

Sol.

Now any line perpendicular to the plane x —y + z = 3 will be the axix of the
cylinder. Hence its equation are

x0_ y0_ 70
T (0

Take a point P (x, y, z) on the cylinder. We draw PM perpendicular to (1) then
PM=v6 now we join PO, from right Angle A OPM

OP?2 =PM2+MQO2 O(x, }ﬂ‘ Z)
2 e [1G-0)-13-0)+1(z-0)] ,
= xryszs6, | Novoey (6
xPry2+z2+ xy +yz—zx —9 =0
hich is the equation of the required right |
whnich 1s e equa 10N O e reqlﬂre rlg /—'I N
|

circular cylinder
Guilding cirdle
I

Find the equation of ‘a right circular cylinder-whose guiding circle passes
through the points (a,0,0), (0,b,0) and (0,0,c)

The equation ofthecircle through three*given points are

x%4y2422- ax-by-cz=0 1)
X,y .,z _
and ; + _b+; =1 (2)

The axis of/the right circular.cylinder will be perpendicular to the plane of the

circle

a =

X z . . . 1 1
-+ Lb+; =] Hence the direction rates of the axis are —

Let P (a, B, y)besany point on the surface of the cylinder, then the equations of
the generator through this point are

x—a _ y-B _z-y

Ta- -1 7 (ay) . 3)

The co-ordinates of any point on this line are (@ +r/a, f + = /b, y + 7 /c)



Q.26

Sol.

Since every generator intersects the guiding curve for some value of # the co-
ordinates of this point will satisfy the eqi» of the circle

s(@tr/a)? +(B+r/b)*+(y+r/c)

-a(a+r/a)-b (B +r/b)-c(y+r/c)=0 4)

and 7 (a+7)+5 (B+5)+2 (r+0)1 ©)

from Equation (4) we have

2 (m+ s rr (240425

b b c 2
(a?+ f2+y2-aa — Bb-yc)=0- (6)
Also from Eqin (5) we have
[« B Y 1 1 1
r=(E+ 5+ 1)/ (5 Hpt ) (?)

Now eliminate 7from (6) and (7) we get

(lz + = +i) (a?+ B2+ y%=-aa — [b-ye)

a b? c?

(248 z-o) oSBT

Hence the locus of P&, B, v) is

(% +—+ l) (% hy2+7z2-ax,—by-cz)

b? c?
x y .z x y .z
= [ R - & — - SR
(a+ b c 1) (a b+c 2)

which is the equation to the required right circular cylinder.

A plane passes through a fixed point (a,b,c) and cut the axes in A,B,C. Show that

the locus of the centre of the sphere OABC is

E+i+£ =2
x y z

Let the co-ordinates of A,B,C be (,0,0), (0, 8,0), (0,0, ¥) respectively, then the equation

o X + L.{-E =
of the plane ABC s ~ 5t 1 @)

If (1) passes through (a,b,c) then
b

a c _
szt o=l )



Now equation of any sphere through origin is
x* +y*+ 2% + 2ux + 2vy + 2wz =0 (3)
if (3) passes through A («,0,0), B (0, 5,0), C(0,0, y)

We have2u+ a=0=>u=-a/2

vt B=0=>v=-L/2

2wty =0=>w=-y/2 Q
Hence the equation of the sphere OABC is x*+y2+z z=(@ 4)
Let (f,g/h) be the centre of (4) then

a B 14
= =P KL=~
2/ 2/ 2

Putting these values of a, 8,y i



Unit-2

Central coracoids , Generating Lines

The general Equation of second degree (conicoid) :-

The surface represented by the general equation of second degree in X, Wz'ie. ax® +

by* + cz* + 2gzx + 2fyz + 2hxy + 2ux + 2vy + 2wz + d =0, is “called ‘a, conicoid or

quadric.

The standard equation of the centralieonicoid -

The surface represented by the equationax® + by* + cz%=1 (1) possesses the property
that all chords of the surface which pass through the origin are bisected at the origin.

The conicoid represented by the equationi(1) possesses a unique centre (origin) that is,
the origin is the only point which possesses this property. This conicoid is therefore

known as the central conicoidiand the equation (1) is its standard equation.

The equation (1) represents three, different stfdee depending upon the signs of the
coefficientsya,b,c. if ajb,c are all positive'then the surface is an ellipsoid, if one of them is
negatiye the surface is'the hyperboleid of.0ne sheet. In case all the three are negative the

surface is imaginary.

Equation of the ellipsoid

2 2 2
T+ X4E =
a

b? c?

Equation of the hyperboloid of one sheet

xZ yZ ZZ

a? b:
Equation of the hyperboloid of two sheets

—x2 y:  —z?

IS AN

a? b2



Tangent lines and tangent plane

Definition - A straight line which intersects a central conicoid in two coincident point is
called a tangent line to the central conicoid at that point.

The locus of all tangent lines at a point on a central conicoid is called a tangent plane to
the central conicoid at that point.

Equation of the tangent plane at a point - The equation of the tangent plane to the
conicoid ax® + by? + cy*=1 at a point (a, B,y) is

aax + bfy + cyz=1

corollary- The equation to the tangent plane at (, §,7) to the ellipsoid

x2  yr Z . xa , yB , zy
atp-aTlis @ T e =1

Condition of tangency -
The condition that the plane Ix + my + nz=P is a\tangent plane to the conicoid
ax® + by* + cz*=11is
Emn
@ b <

Coordinates of tangent point

l m n
G o)
Director sphere :-
Definition- The locus of the)point of intersection of three mutually perpendicular
tangent planes‘to a central conicoid is a sphere, concentric with the conicoid, called the
Director sphere of theweonicoid.

— The locus of the point of intersection of three mutually perpendicular tangent planes

to a central conicoid ax® + by? + cz* = 1is

x2+y2+zz=(§+ ib+%)



corollary - The locus of the point of intersection of three mutually perpendicular tangent

planes to the ellipsoid.

2

2

Qle
ﬁNlNN

is x>+ y*+2z*= a*+ b* + ¢*

This sphere is called the director sphere of the ellipsoid

Pole and polar plane -
Definition :-if through a given point a any secant be drawn to meet the conicoid in P

and Q then the locus of a point R on APQ such that AP, AR and,AQ are in H.P. i.e.

2AP.AQ
AP+AQ

AR = is called the polar plane of A avith respect,to conicoid‘and the point A is

said to be pole of this plane.

Equation of the polar line - The equation to'the polar line'efthe given line

x—a _y—-f _z-vy

— = with respect ,to the conicoid ax?® + by% +cz*=1 is

aax + bfy + cyz=1
alx + bmy + cnz=0

Enveloping cylinder

Definition- The locus of the tangentilines to a conicoid parallel to any given line is called

the enveloping cylinder of the conicoid.

= The Equation of the enveloping cylinder of the conicoid ax® + by* + cz*=1with its

generators parallel to the line 7= 2 =
l m

S IN

N

is (alx + bmy + cnz)? =(ax® + by* + cz* — 1) (al? + bm? + cn?)



Normal
Definition- The normal PN at any point P of a surface is the straight line passing through

P and perpendicular to the tangent plane at P.

Equation of the normal

The Equation of the normal at the point P (x4, y;,z;)of the ellipsoid
S N4
a b c Q

@

(xXx—x1) _Y-Y1 _Z-z

X1 Y1 Z;

a2 b2 c2

°
Q.1 Show that the locus of a point, the su C ances fr@ints (a,0,0)
and (-a,0,0) is constant (=2k), is th oi x

Sol  Here according the question

PA + PB =2k

xZ(aZ_kZ)

x? 2472
Y =1

K k*-a?




Q.2

Sol.

Find the equation to the tangent plane at (a, 5, y) to the ellipsoid

x?  y?+z?

=t 0 =(1) (given ellipsoid)

Equation (1) have point (a, 8, y) then
aZ BZ ,yZ _
The Equation of line passing through the point («, 8,y) is

T__

=1 (let) -(3)

The point lie on this line (7 + a,mr + f,nr +y) i

central conicoid

Which is the required equation of tangent plane?




Q.3  Obtain the equation of the tangent plane at the point (a, B,y) of
ax* + by* + cz*=1

Sol. LetP (a,f,y) be any point on central conicoid
therefore aa® + bB* + cy*=1 -(1)

the line passing through the point (a, 8,7) is

EDYLIT = e (let) )

£ m

The point lie on this line (Y7 + a,mr + ,nr +y)
if this point are situated on ax? + by* + cz*=1
then a(lr + a)? + b(mr + B)? + c(nr +y)*=1
= r2(al? + bm? + cn?) + 27 (ala + bfm + cyn) + ae’ + bB> + cy* =1 =0
= r2(al?> + bm? + cn?) + 27 (ala + bBm +cyn) =0
v = 0,7 (al?> + bm? + cn®) 4 2 (ala + bpfm + cyn)=0
the other value of 7 will be equal'to zero
if ala + bfm + cyn=0
7r(al® + bm? + cn?)=0
= 7 =0, aal + bpfm + cyn=0
Now eliminate the value of 1. m. n from equation (2) and (3)

Which is the required equation,of tangent'plane

Q.4 (Find the equation to the two tanigent planes of the conicoid ax® + by? + cz*=1
which are parallel to the plane . 'Ix + my + nz=0

Sol. Equation of conicoid gx?“4'by?* + cz*=1 -(1)
The equation.of the plane, parallel to plane Ix + my + nz =0 is given by
Ix + my + nz =P -(2)

Equation (2) touch conicoid ax?® + by? + cz*=1 if

12 m? n?
_+ _+ _=P2
a b c



Q.5

Sol.

Q.6

Sol.

m2

Ix + my + nz=+ §+7+n; - [from Eq. 2]

Find the Condition that the line % =%=Z;—y should be tangent line to the

ellipsoid x— + + - —1 at the point (a, #, y)which lies on the ellipsoid.
The given Equation of the line

x—a _y-B_z-y _
T T o (e @)

The point on the given line (1) (I + a,mr + B,ne +y If\ theseypoint lie on

x_Z 27t en (Ir+a)? +(mr+ﬁ)z+(nr+y)z

a2+%2+?=1th a? b? ks
(3 ror (G+52£75)0

here one value of r is equal to zero.x=0 line (1) will betangentline if other value

of r also equal to zero for which necessary condition will be ( + m—B +- ) 0

If the tangent plane to the elhpsmd = + + - —1 cuts off intercepts (a,B,v)

from the axes, show that 3 + 7 + — =1

The Equation to the tangent.plane at (x,95.2)"to the cllipsoid

x? i i
Z+L4=1is

a (4

1

= XX bzyy1+ 7721 =1

Equation (1) passes thtough point A (a, 0, 0), B (0,8, 0), C (0, 0,7) therefore
X 2 2 2

—=1, > x; = bz,=%
D2 1 ;}’1 Byl Y

Thepoint (x4, y1) Zl) lie on ellipsoid
therefore x— + + = —1

Now substitute the value of x4,y1,z; in equation (2) we obtain

a* b* c*
2a? + B?b? + Y22 =1

a? b? c?
—+5+5=1
2 ﬁ 2



Q.7

Sol.

Q.8

Sol.

Find the point of intersection of the line %=y-4 =2 and the conicoid

7
12x* —17y* +72* =7

The given equation of line Wyt (rlet)
-3 1 7

any point of given line (—3r — 5,7 + 4,7r + 11)
The Equation of given conicoid 12x* — 17y* + 7z =7
if this points lies on this conicoid then
(12(=3r=5)2—17(r + 4)? +7(7r+11)2=7
= 12[9r2 + 25 + 307] — 17[r? + 16 + 8r] + 7[4972 +1121 + 154r)
= 108r% + 300 + 360r — 17r* — 272 — 1361 +343r> + 847+ 1078r — 7=0
= 434r% + 1302r + 828 =0
= 217r* 4+ 6157 + 434=0

. —651+v27089 _ —6514217
- 434 434

r=-1-2
Points (-2,3,4) and (1,2,-3)

Prove that the locus of the poles of the tangent planes of ax®+ by* + cz°=1
ﬁ + ﬁ+ ﬁ =1
a

with respect to‘ax® % By* + yz°=1 isthe'following conicoid —t

The equation of the tangent plane to the conicoid ax?® + by? + cz*=1 (1) is
lx+ my+ n=P - (2)
theng + m?z + n?Z=P2 - €)
suppose (X1 ,¥1, z1) be the pole of the plane (2) with respect to the conicoid (1)
ax? + By* + yzé=1 (4)
then the equation of the polar will be
axx, + fyy. +yzz,=1 5)
(2) and (5) are the equations of the same plane therefore they must be identical, on

comparing the coefficients, we get



~l=Pax;, m=PBy,, n=Pyz, - (6)
Eliminating [,m,n from (3) and (6) we get
PZaZ xIZ + PZBZ y12 + PZ,yZ 212
a b c

= P2

Hence the required locus of (x1, y1, Z1)

aZxZ + BZyZ + YZZZ =1
a b c Q

Q.9 Find the length of the normal chord through P of thee :—&—; + Z—z=1

Sol. Let the co-ordinates of the point P («, B, v.

in terms of actual directions c
x-a _ y—B _ z-y -
Pa/a®> PB/b* Py/c? r (Say)
1

Ja?ja*+ B2 /b +y2/c* 152

where P =

E+D)+(E+5+5)=1

a2 = bz c?

)=
64) 0
=~ P lies on the ellipsoid)
_ —2%(a?/a")
r =0,and r= PraZ/as)
-2P* _ -2

- PI(a2/a%) P3%L(a?/ab)
2

Hence the length of the normal = Praja)




2 2 2
Q.10 Prove that the feet of the six normal's drawn to the ellipsoid % + % + % =1 from

Sol.

any point (a,f,y) lies on the curve of intersection of ellipsoid and the cone
a?(b?>-c?)a + b*(c?>-a?)B N cz(az—bz)y_o

x y
Equation of the normal at (f,g,h) are

x—f _Y-g _z—h _
f/aZ g/bZ h/CZ ( )

if (1) passes through (a, B,y) then

a_f — ﬁ_g — ]/—h_ K

R L

then the co-ordinates of six feet of normals from (a,§,y) are given by

a’a b*p c’y

a*+K’ b?*+K’ c*+K

2 2 2
k=""f—“—a2,k=%— k=L

Now multiplying these values of K. by (b*=C%),(C3=4a?) and (a®— b?)

respectively and adding we have
0= 2% (b2 — ¢2) + ZBy(c? = @?) + L (@% - b?)
f 9 h
= The locus of (f,g/h) the feet of the.normals is

a?a(b*-c?) + b*B(c?~a?)
x y

2 2_ 12
 © y(a®=b?)_ 0
z
This is a. homogenous' Equation_therefore represents a cone. Also the feet of
the normals lie‘on the ellipsoidk:

Hence the’ feet of the ssixwnormals lie on the curve of intersection of the

ellipsoid.and the cone (2)

2

Q. 11 The section of‘the enveloping cone of the ellipsoid % %2 + % = 1 where vertex

Sol.

if P, by the plane Z=0 is a rectangular hyperbola prove that the locus of P is
x2+Y? 7% _
T

Suppose co-ordinate of vertex of given enveloping cone of the ellipsoid is (a, 8, )

then the Equation of enveloping cone will be

2



_ (xa  yB | zy 2
—_— (; + ? + ? - 1) ........... (1)
[SS,=T7]

Now z=0

) X2 yz a? 2 By
CGEm) G-y =G R0
according to the question (2) represent a rectangular hyperbola then

coefficient of x? + coefficient of y?=0
BZ 2 az yZ _
L) 3l B o)

a’+p* Yy (1 1\ _ 1 1
s GrE) ety

a’b? ¢ \a b? b?

BV

a’+b? = ?

The locus of (a,,y) is U + j—j =1

a‘+b*
Q.12 The section of an enveloping cone of the elllpsmd % + + - = 1 by the plane

z=0 is a parabola show that the locus of the vertices of the coneisz==+C
Sol. Let P (a,B,v) be aduminous point then the equation of the enveloping

. % x? yz 72 ﬂZ 2
cone with vertex/(a;,v) is (F WS\ 1) ( +3 -|- r _ 1)
(Z+2+Z 1) 2. (1)
[55,=T7]
then the sectioniof (1) by Z=0 plane is

G+ V) Gl B - (G + 5 -0)°

> (B )G +5-1) -2 1y = 0—(2)

bZ ZbZ

according to question its represent a parabola

.-.%(Z—:+—i—1)+i(Z—j+’C/—j—1)=Zibj [From ab = n?]

a b? b?

Therefore the required locus of (a,f,y) is



Q.13

Sol.

Q.14

Sol.

Q.15

Sol.

here second equation represent a ellipsoid therefore point (a, £, y) will not

lie on this ellipsoid therefore. The locus of vertex (a, 8,v) is

ZZ

==1=>2z=+C

C2

Find the locus of points from which three mutually perpendicular tangents can
be drawn to the surface ax® + by* + cz*=1

Let P (a,B,y) be a point from which three mutually perpendicular tahgents can
be drawn to the surface ax® + by? + cz*=1, then the enveloping conéwith P as its
vertex will have three mutually perpendicular generators.

The equation of the enveloping cone is [SS,=T?]

(ax? + by? + cz? — 1) (aa? + bp? + cy? — 1)=(aax. +bBy* +cyz —1)2-1 will
have three mutually perpendicular generators if theisum of the ‘eoefficients of
x%,y* and z* is equal to zero i.e:

a(bf? + cy? — 1) + b(aa? + ¢y2 =) + c(aa? + bB? =.1)=0

a(b+ c)a? + b(c+ a)B? + c(a + b)y?=a +bt.c

Hence the locus of (a, 8,7)is

a(b+ c)x? +b(c+ a)y? + cla + b)z?=a + b +¢

Find the locus of centres of sections of ax® +\by**+ cz>=1
which touch ax? +8y%+ yz?% =1
Let (f,gh) be the centre of a section of.the conicoid ax® + by* + cz*=1, which
touches the conicoid 'ax® + By2+yz®s 1 (1)

Now-the equation of the sectioh.is

af (x — f)+ bg (y=9) +ch(z— h)=0

= axf + byg + ¢zh = af*+ bg* + ch®* —-(2)

(1) < touches (1).therefore
(af)? (bg)2 h (C’;)2 = (af? + bg? + ch?)?
Hence the locus of (f,g/h) is
“;"2 + % + % = (ax® + by? + cz?%)?
Find the equation to the two planes which contain the line given by 7x +
10y — 30 =0, 5y — 3z =0 and touches the ellipsoid 7x% + 5y% + 322=60
Equation of any plane through given line is
7x +10y — 30 +x (5y —3z) =0
= 7x+(10+5x)y—3xz-30=0 - 1)
Let this touches the given ellipsoid at the point (a, f,¥)

+




The equation of the given Ellipsoid is 7x?* + 5y? + 32z2=60
7,245,233 2_

S Sx oy =z =1 (2)

= The equation of the tangent to (2) at (a,3,y) is

7 1 1

5ax+aﬁy+5yz—1 ©))

(1)and (3) represents the same plane, then there they must be identical , on
comparing the coefficient, we get

1 = B = 14 = i
60 12(10+5%) 20(=3%) 30

5
point (a, B,7v) lies on (3) therefore

7a® + 58% + 3y% = 60

= 28 + 2200 4 3(-25)2 = 60

= 2x%4+5x+43=0

= (412 +3) =0 ax=—1,-3/2

On putting the values of x in (1),we getithe required equations of tangent
planes as

7x + 5y +3z—30 =0
and 14x + 5y +9z —60 = 0

Q.16 The tangent planes to the ellipsoid (% + % ;T % = 1) meets the coordinate axes
in points A,B and C. Prove that the centroid of the triangle ABC lies on the

2

a’  b*l
locus =+ =+ ==9
x y z

Sol. | Equation of any tangent planete the ellipsoid is

lx + my + nz =@ + b*m? % ¢*n? - (1)
1.'meets the coordinaté.axisi.e. x,y, and Z-axis at the points A,B and C
respectively.then the'eo-ordinates of A are

( a’1?+b*>m?+cn?

- ,0,0) etc
Let (f,g,h) be the coordinates of the centroid of the triangle ABC then

1 |Va?l?+b*m?*+c*n?
or at 9a*1?
2 a*l’+b*m*+c*n?

similarl b ob*m”
Y g° a’l?+b*m?+c*n?



Q.17

Sol.

c_ 9c*n?
n? a?l*+b*m?+c*n?

for finding the locus of (f,g,h) we have to eliminate I,m,n by adding the

and

above relations and generalize (f,g,h) we have the required locus as

a?  b? P
?+?+;—9

¥z + 2zx + 3xy + 6 = 0 which pass through the point (-1,0,3)

*.

(1)

Find the equations to the generating lines of the 1§olom

The equation of the given hyperboloid is

yz+2zx+3xy+6=0

This can be written as

s
S

(4)

ge@ors system of (1) if (3) and (4) pass through

& —and2 p (1+1) Or p =1
®>\m ,wegetz=3,3x+z=0=>x=-1,z=3 -

\ﬂ, ()
in & e value of H in (4), we get

-3

i n (4
§+3y =3, 5 =2=C (6)
(5) and (6) gives the Equations of generating lines of the given hyperboloid

x+y+

which pass through the point (-1,0,3)



Q.18 Find the equations to the generating lines of the hyperboloid
(x: + % + % = 1) which pass through the point (2,3,-4)

Sol. Let the equations of the generator through (2,3-4) are
4
T T T ay) ~()

Co-ordinates of any point on (1) are

(Ir +2,mr +3,nr — 4)

This point will lie on the given hyperboloid if

(Ir+2)? + (mr+3)? (nr—4)>?
4 9 16

=1

or if r? (i—2+m?2+_1—7:) +2r(



Q.19 Find the equations to the generator of the hyperboloid (z—z + Z—z + _C—iz = 1) which
pass through the point (acos a,b Sina 0)

Sol. Any point on the principal elliptic section of the hyperboloid is (a cos a,b Sin a 0)
Let the equations of the generator through the point (a cos a, b Sin a,0 ) be

=rGay) -

Coordinates of any point on (1) are

x—acosa _ y-bsina _ z-0

l m n

(Ir + a cosa, mr + bsina, nr)

As (1) is the equations of generator of the given hyperboloid
therefore every point of (1) will lie:on the hyperboleid.

therefore é (Ir + acos a)2+% (ma + bsin a)z-% n’r?=1

or(;—22+r:—;—:—j> r2+2(lw%+mslina)r=0 ----------- (2)
now (2) must be an identity as it is satisfied.for all values of r, therefore
SHm-te0 A N T N s @3
and lczsa+msi)na =0, 0 7 NS 4)
now from (4)dve get ——% = _mzin .

l/a o m/b =+\/l2/a2+m2/b2

=+ =

T sina’ —eosa T .[Sin‘a+Gos’ &

l m +mn/c
> —= =EM/S fiom 3)
a sina —=b cosa 1

- The equation of'‘thie required generators are as follows from (1) and (5)

X—acosa+s  Ysbsina _ z

asina —bcosa +C

Properties of generating lines of hyperboloid of one sheet

Property -1 No two generators of the same system of a hyperboloid of one sheet
interest.

Sol. Let the two generators of the X - system for two different values of X say
Xxiand %, be



x |z _ yy x z _ 1 y
ctem i A+, o= A= 1)

X z _ y X z _ 1 y
And;+z—>\2 (1+Z)'E_;_>\_2(1_5) —————————— (2)
Subtracting first equations of (1) and (2), we get
(x1—=>x2) (1 +%) =0 =y=-b because x ; #x 2

similarly subtracting second equations of (1) and (2) we obtain

1 1 YN _ —
(Z_Tz) (1-3)=0=y b because x ; #x 2
from above we observe that the equations (1) and (2) representing two
generators of the same system are inconsistentiand therefore'its'follow that

the two generators of the same system do not intersect:

Property -2 Any generators of the X system intersects any generator of the p -system

Solution

Property -3

Solution

of hyperboloid of one sheet.

Let the two generatorsione of each system be

X1z N 2 2T . W N
Z+Z_>\(1+b)'a c )\(1 b @)
X _Z_ N 2iE- Ny WY N
Z_Z_}l (1+b)’a+c u(l b) (2)

they will intersectonly if one pointsay (x}y; z) satisfy all the four equation
of (1) and (2)
For finding the point of intersection of these generators, from Equations
1

(1) and (2), weshave (1 + %): . (1 _ %)

1—>pu
orZ==—= " . AN 3)
b T+xp
x Z _ 2 X Z, N 2p
2T ok G -
i} a Cw 1+4+xpn
4 Nd 0 N+ Z  x—u
Solving these, we obtdin = = (—=)and==—— - 4)
a 1+xp c  1+xpn

Hence both the "generators intersect and the coordinates of the point of

their

[a(Hu)) b(IN@)  c(x—w) ]
1+xp T¥sp 7 14+xp

The plane through two intersecting generators is the tangent plane of the
hyperboloid of one sheet at their common point.

Equation of any plane through x-generator is



Property

Ans.

(G (R (-2 -3 ——o

Equation of any plane through H-generator is

x _ X+ E — x—H
a ( ) c  1+xpn

(G- nle )+ (G4 D)3 -0

where K and K’ are parameters.

Equations (1) and (2) becomes identical if we take 'K = % =i Thus the two

generator one of each system are co planer and, as such, they intersect and
the equation of the plane containing themyis

SO+ =2 - ST &
x _ x+p y 1-xp h 2Ry
= E - (1+>\ll) +b 1+xp c (1+>\p.)

But this is the equation,of the tangent plane to‘the hyperboloid of one sheet
at the point of intersection of two generatorsione of each system i.e.

[a(%ﬂl) b(—>w C(x—u)]

SR N TRR E NI FONT]

Hence a tangent plane at a point of hyperboloid of one sheet meets the
hyperboloid of ene sheet in.two generators through the point of contact.

The locus of the point of intersection of perpendicular generators is the
curve of intersection of the hyperboloid and the director sphere.

Let the'equation of hyperboloid of one sheet be

2 2

Y
b

QNlR

+

ﬁNIN

g1 0 (1)

N

The equation,of x-system generators can be written as
Z4i=x (1+X>=>f—x (X)+5=>\
a ¢ b a b c

x z_ 1 y X,y _z_r
E____(l_g)ﬁa-l-xb c X (2)

if I, m,n be the direction ratios of the generator then

l/a m/b n/c _ (3)

x?-1 2% i1




Similarly the equation of p-generator can be written as

X _ g ¥_zZ_- x, oy z_1
a u'b c H, a T ub + c n
ifI', m', n' be direction ratios of u generators then

I'Y/a _mYb _  nlc

-1 o2p o1 ()
if the two generators are perpendicular to each other then
1"+ mm' +nn' =0
= a?(Z=1) (2 = 1) + 40> » p— (X2 + D(? +1)=0
(by,using (2) and (4)
= a?(x +)% + b2(1 —x p)? + C2(X —w)?
= (@*+ b*—c*) (1 +Xp)?
which is the condition that the point of intersectiofnoOf two generators each one of

them is a member of the \-system, H-system ‘vespectively lie on a sphere
(x* + y* — z%)= a® + b* = ¢® knownyas ditector sphere.

Hence the locus of, the point of intersection of perpendicular generator is
the curve of intersection of directomsphere and hyperboloid of one sheet.

Q. 20 /The equations of the generatinglines through a point 0, 9 of a hyperboloid of

Sol.

x—acos@sec)  y-bsinOsecd) _ z-ctan@ ]

one sheet are[ o e 0t ic

The direction ratios of¢x-geherator through a point 'P' a on the hyperboloid are a

sin a, =b cos.@, ~¢ and, the direction ratios of the p-generators through the point 9,
‘B’ on the hyperbaloid are a sin 8, - b cos B, c.

If these generators intersect at the point R " 6,0"then a=0—-@ and f = 06+ 0@

therefore the direction ratio of X-generator and p- generator through the point R
"0, 0" will be

asin (6 —@),-bcos (60 —0),—c
a sin (8 + ©), -b cos (8 + @), C respectively



Hence the equations of the X and p- generators through the point R (a cos 0, sec
@,b sin 0O sec®, ctan @ are

x—acosOsec)  y-bsinOsec)  z—ctan@

asin (01 @) " —becos (CEX))] o tc




